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A group is a (non-empty) set        together with a function                             such that
<latexit sha1_base64="8DsWlPjpfee24a6GpeHlh2caBls=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BD3pMwDwgWcLspDcZMzu7zMwKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YRK81g+mHGCfkQHkoecUWOl+l2vWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rw2p9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6UvUq5Ur8sVW+yOPJwAqdwDh5cQRXuoQYNYIDwDK/w5jw6L86787FozTnZzDH8gfP5A5+HjNY=</latexit>

G
<latexit sha1_base64="Y4i74sGu10wtM/fIU21E9UX9PUc=">AAACAXicbVDLSsNAFJ34rPUVdSO4GSyCq5KIVHFVdFGXFewDmlAm02k7dDIJMzdCCXXjr7hxoYhb/8Kdf+M0zUJbDwwczrmXO+cEseAaHOfbWlpeWV1bL2wUN7e2d3btvf2mjhJFWYNGIlLtgGgmuGQN4CBYO1aMhIFgrWB0M/VbD0xpHsl7GMfMD8lA8j6nBIzUtQ89DUThK1zDHvCQ6YxEuNa1S07ZyYAXiZuTEspR79pfXi+iScgkUEG07rhODH5KFHAq2KToJZrFhI7IgHUMlcQc89MswQSfGKWH+5EyTwLO1N8bKQm1HoeBmQwJDPW8NxX/8zoJ9C/9lMs4ASbp7FA/EdhEnNaBe1wxCmJsCKGKm79iOiSKUDClFU0J7nzkRdI8K7uVcuXuvFS9zusooCN0jE6Riy5QFd2iOmogih7RM3pFb9aT9WK9Wx+z0SUr3zlAf2B9/gDsR5VI</latexit>

ω : G→G ↑ G

<latexit sha1_base64="uRBFGypVqxMFcwHBHnLA4L9v2tM="></latexit>

1. a ω (b ω c) = (a ω b) ω c → a, b, c ↑ G

<latexit sha1_base64="dNwg9M96jFcaobAF0FmIOxEcKHs="></latexit>

2. →e ↑ G such that e ω a = a ω e = a ↓ a ↑ G

<latexit sha1_base64="u0rKJ/NPkm8Uf0B5s4oWrkkFgfs="></latexit>

3. →a ↑ G ↓a→1 ↑ G such that a ω a→1 = a→1 ω a = e → a ↑ G

Groups

Examples:
<latexit sha1_base64="U2LtRQE3KfDkX868NFBU/POZOMc="></latexit>

1. Z = {...,→2,→1, 0, 1, 2, ...} with addition.

<latexit sha1_base64="Rp0urXeSRhDg+GHqfhZxqAGu9pY="></latexit>

2. GLC(n) = {n→ n invertible matrices} with matrix product.

<latexit sha1_base64="BGCnUpiy4MR/V/qAeZqPuhL72n0="></latexit>

4. Pn = {P1 → · · ·→ Pn : Pj ↑ P1} with matrix product.

<latexit sha1_base64="xOenbqSKpikIGd8+fHTQKYOMqE0="></latexit>

3. P1 = {±I,±iI,±X,±iX,±Y,±iY,±Z,±iZ} with matrix product.



Groups

<latexit sha1_base64="5ydi3/7O4XxjhhuLsd3BqSO2UkQ="></latexit>

Let G be a group and fix a → G. The subgroup of G generated by a is < a >= {an : n → Z}

<latexit sha1_base64="5BlkwV90Le1Jwr8BoZcOjotTs34="></latexit>

Let G be a group. A non-empty subset S → G is a subgroup if
<latexit sha1_base64="RDu0d89UfeMm08cnYkmK4g59XPo=">AAACE3icbVC7TsMwFHV4lvIKMLJYVEgIiShBqDBWsDCWRx9SEyrHdVurjhPZDrSK+g8s/AoLAwixsrDxNzhpBmg5V1c6Oude2ff4EaNS2fa3MTe/sLi0XFgprq6tb2yaW9t1GcYCkxoOWSiaPpKEUU5qiipGmpEgKPAZafiDi9Rv3BMhachv1SgiXoB6nHYpRkpLbfPQsaCb1dClHN5A95r2+goJET7A4V1y5IxhZljFtlmyLTsDnCVOTkogR7VtfrmdEMcB4QozJGXLsSPlJUgoihkZF91YkgjhAeqRlqYcBUR6SXbTGO5rpQO7odDNFczU3xsJCqQcBb6eDJDqy2kvFf/zWrHqnnkJ5VGsCMeTh7oxgyqEaUCwQwXBio00QVhQ/VeI+0ggrHSMaQjO9MmzpH5sOWWrfHVSqpzncRTALtgDB8ABp6ACLkEV1AAGj+AZvII348l4Md6Nj8nonJHv7IA/MD5/AFfUm1o=</latexit>

1. x → S ↑ x→1 → S.
<latexit sha1_base64="W59VQ4rKgO/hi/IZoZgdBZ3mvSY=">AAACEXicbVC7TsMwFHV4lvIKMLJYVEgdUJRUqDBWsDCWRx9SE1WO67ZWHSeyHWgU9RdY+BUWBhBiZWPjb3DTDNByrq50dM69su/xI0alsu1vY2l5ZXVtvbBR3Nza3tk19/abMowFJg0cslC0fSQJo5w0FFWMtCNBUOAz0vJHl1O/dU+EpCG/U0lEvAANOO1TjJSWuma5YkE3q/FJAl3K4S10b+hgqJAQ4QMc56LVNUu2ZWeAi8TJSQnkqHfNL7cX4jggXGGGpOw4dqS8FAlFMSOTohtLEiE8QgPS0ZSjgEgvzS6awGOt9GA/FLq5gpn6eyNFgZRJ4OvJAKmhnPem4n9eJ1b9cy+lPIoV4Xj2UD9mUIVwGg/sUUGwYokmCAuq/wrxEAmElQ6xqENw5k9eJM2K5VSt6vVpqXaRx1EAh+AIlIEDzkANXIE6aAAMHsEzeAVvxpPxYrwbH7PRJSPfOQB/YHz+ACtmmsc=</latexit>

2. x, y → S ↑ xy → S.

<latexit sha1_base64="U+s74xQn0Z5P8fwsNaqGrselGy4="></latexit>

Let S → G. A word on S is an element w ↑ G of the form
<latexit sha1_base64="KSDfqV8g25CUn/3iPMx/Rjrz6hY=">AAACB3icbZDLSsNAFIYn9VbrLepSkMEiuCqJSHUjFN24rGAv0MYwmUzaoZNJmJmoJWTnxldx40IRt76CO9/GSZuFtv4w8POdczhzfi9mVCrL+jZKC4tLyyvl1cra+sbmlrm905ZRIjBp4YhFoushSRjlpKWoYqQbC4JCj5GON7rM6507IiSN+I0ax8QJ0YDTgGKkNHLN/Xt4Dh9c+zYlrp3BPvYjJTXgOeCZa1atmjURnDd2YaqgUNM1v/p+hJOQcIUZkrJnW7FyUiQUxYxklX4iSYzwCA1IT1uOQiKddHJHBg818WEQCf24ghP6eyJFoZTj0NOdIVJDOVvL4X+1XqKCMyelPE4U4Xi6KEgYVBHMQ4E+FQQrNtYGYUH1XyEeIoGw0tFVdAj27Mnzpn1cs+u1+vVJtXFRxFEGe+AAHAEbnIIGuAJN0AIYPIJn8ArejCfjxXg3PqatJaOY2QV/ZHz+AM+mmK8=</latexit>

w = xe1
1 · · ·xen

n

<latexit sha1_base64="JXpFr5OjlCsEx90g4YUl3v6kvHw="></latexit>

such that xi → S, ei → {+1,↑1}, n ↓ 1

<latexit sha1_base64="pOCKgjgO+p/AsfWAQ/xE6r9jZmg="></latexit>

Theorem: Let S → G. If S is empty, then < S >= {e}. If S is not empty, then < S >= {words on S}



Groups

<latexit sha1_base64="GBbOnNXMQonzxcsDKnjzWB0d7wk=">AAACEXicbVDLSsNAFJ3UV62vqEs3g0XoKiQi1Y1QdOOygn1AE8pkMmmHTiZhZiKW0F9w46+4caGIW3fu/BsnaRbaeoYLh3PuZe49fsKoVLb9bVRWVtfWN6qbta3tnd09c/+gK+NUYNLBMYtF30eSMMpJR1HFSD8RBEU+Iz1/cp37vXsiJI35nZomxIvQiNOQYqS0NDQbjgXd4hHo4iBW8AFe6tJKGAvEWM4ph/2hWbctuwBcJk5J6qBEe2h+uUGM04hwhRmScuDYifIyJBTFjMxqbipJgvAEjchAU44iIr2suGgGT7QSQL2BLq5gof6eyFAk5TTydWeE1Fguern4nzdIVXjhZZQnqSIczz8KUwZVDPN4YEAFwYpNNUFYUL0rxGMkEFY6xJoOwVk8eZl0Ty2naTVvz+qtqzKOKjgCx6ABHHAOWuAGtEEHYPAInsEreDOejBfj3fiYt1aMcuYQ/IHx+QM1Zpos</latexit>

1. e · x = x →x ↑ X
<latexit sha1_base64="b0ner7s6NqNnGz+qCL2L12fizws="></latexit>

2. g · (h · x) = (gh) · x →x ↑ X and →g, h ↑ G

<latexit sha1_base64="1TNAhezagkuHdrLUEcBZTZ8dKic="></latexit>

A group action G ⊋ X of a group G on a non-empty set X is a function G→X ↑ X
<latexit sha1_base64="hapTvHg3TOUWVetBLIFiaQkg1Dg=">AAACJHicbVDLSgMxFM34tr6qLt0Ei6AgZUakCm5ENy4r2Cp0SslkbttgJhmSO9Iy9GPc+CtuXPjAhRu/xfSx8HUgcDjnXG7uiVIpLPr+hzc1PTM7N7+wWFhaXlldK65v1K3ODIca11Kbm4hZkEJBDQVKuEkNsCSScB3dng/96zswVmh1hf0UmgnrKNEWnKGTWsWTEKGHeQxKI8Q06tMB3e3s9/ZomLDUoqadkMcaaY+Ok9RmvEuxy3DQKpb8sj8C/UuCCSmRCaqt4msYa54loJBLZm0j8FNs5syg4BIGhTCzkDJ+yzrQcFSxBGwzHx05oDtOiWlbG/cU0pH6fSJnibX9JHLJhGHX/vaG4n9eI8P2cTMXKs0QFB8vameSutuHjdFYGOAo+44wboT7K+VdZhhH12vBlRD8PvkvqR+Ug0q5cnlYOj2b1LFAtsg22SUBOSKn5IJUSY1wck8eyTN58R68J+/Nex9Hp7zJzCb5Ae/zC1vGpKk=</latexit>

denoted by (g, x) →↑ g · x such that

Example:
<latexit sha1_base64="y/YkWPsvFoLQCleieG7oNE79s7s=">AAACFXicbVDNSgMxGMzWv1r/qh69BIvgQcquSPVY9NJjBdsK3bVk02wbmk2WJFspy76EF1/FiwdFvArefBuz7SLaOhAYZuYj3zd+xKjStv1lFZaWV1bXiuuljc2t7Z3y7l5biVhi0sKCCXnrI0UY5aSlqWbkNpIEhT4jHX90lfmdMZGKCn6jJxHxQjTgNKAYaSP1yiduiPQQI5Y00x6HLo7lmCApxb2kg6GGP3YjvTPxil21p4CLxMlJBeRo9sqfbl/gOCRcY4aU6jp2pL0ESU0xI2nJjRWJEB6hAekaylFIlJdMr0rhkVH6MBDSPK7hVP09kaBQqUnom2S2pJr3MvE/rxvr4MJLKI9iTTiefRTEDGoBs4pgn0qCNZsYgrCkZleIh0girE2RJVOCM3/yImmfVp1atXZ9Vqlf5nUUwQE4BMfAAeegDhqgCVoAgwfwBF7Aq/VoPVtv1vssWrDymX3wB9bHNwz4oAU=</latexit>

Pn ⊋ H
n

<latexit sha1_base64="yTB3oqYPg7BUaTQccr0aqEY/PuM="></latexit>

Let G ⊋ X and fix x → X. The stabilizer of x is defined as

<latexit sha1_base64="8ZaiFkBLJNN9c/viMcdOssJm7WI=">AAACFHicbZDLSgMxFIYzXmu9jbp0EyxCRSgzIlUEoeiiLivaC3RKyaRpG5rJDMkZaRn6EG58FTcuFHHrwp1vY3pZaOsPgY//nMPJ+f1IcA2O820tLC4tr6ym1tLrG5tb2/bObkWHsaKsTEMRqppPNBNcsjJwEKwWKUYCX7Cq37se1asPTGkeynsYRKwRkI7kbU4JGKtpHxebfXyJ74D42f6RIS/BHY9LXMQXBmgrBDxq6GNv2LQzTs4ZC8+DO4UMmqrUtL+8VkjjgEmggmhdd50IGglRwKlgw7QXaxYR2iMdVjcoScB0IxkfNcSHxmnhdqjMk4DH7u+JhARaDwLfdAYEunq2NjL/q9VjaJ83Ei6jGJikk0XtWGAI8Sgh3OKKURADA4Qqbv6KaZcoQsHkmDYhuLMnz0PlJOfmc/nb00zhahpHCu2jA5RFLjpDBXSDSqiMKHpEz+gVvVlP1ov1bn1MWhes6cwe+iPr8wc5UJs0</latexit>

Gx = Stab(x) = {g → G : g · x = x}

Example:
<latexit sha1_base64="eVwqmLv3WGequY6AGLqkZvYOTss="></latexit>

Consider the Bell pair |ω→ = |00→+ |11→↑
2

. We have that
<latexit sha1_base64="96dUU/p/70zA7F/xPEXEfxouI9E="></latexit>

X1X2, Z1Z2 → (P2)|ω→



Stabilizers
<latexit sha1_base64="8yC6Y4tfEXR6wtFLY4AcGby2NV8="></latexit>

Let S be a subgroup of Pn with an action S ⊋ H
n. We denote the sub vector space stabilized by S by

<latexit sha1_base64="PLCR2hJ0l5O20w/yfmNOFqUT8eU="></latexit>

VS = {|ω→ ↑ H
n : P |ω→ = |ω→ ↓P ↑ S}

<latexit sha1_base64="3LuK60FcqDFua0qtAA3BsfBXyas="></latexit>

Note that Stab(VS) = S and VS → H
n is a sub vector space.

Example

<latexit sha1_base64="+z4WK2i05rK9oAFgbbFqBGDrAZ4=">AAACN3icbVDLSgMxFM3UV62vqks3wSK4kJIUqW6EohtXUsE+aKcMmTRtQzOZIckIZexfufE33OnGhSJu/QPTB2JbLwTO415u7vEjwbVB6MVJLS2vrK6l1zMbm1vbO9ndvaoOY0VZhYYiVHWfaCa4ZBXDjWD1SDES+ILV/P7VyK/dM6V5KO/MIGKtgHQl73BKjJW87E3VSxoehg2vMIQXUEdEugl8QAhBVxHZFexkxPAfhjGaYb8edIdeNofyaFxwEeApyIFplb3ss9sOaRwwaaggWjcxikwrIcpwKtgw48aaRYT2SZc1LZQkYLqVjO8ewiOrtGEnVPZJA8fq34mEBFoPAt92BsT09Lw3Ev/zmrHpnLcSLqPYMEknizqxgCaEoxBhmytGjRhYQKji9q+Q9ogi1NioMzYEPH/yIqgW8riYL96e5kqX0zjS4AAcgmOAwRkogWtQBhVAwSN4Be/gw3ly3pxP52vSmnKmM/tgppzvH//aqHE=</latexit>

VZ1Z2 = span{|000→, |001→, |110→, |111→}

<latexit sha1_base64="VDngDghyEKG5sD/OOXMGqJsxpkE="></latexit>

Consider the action P3 ⊋ H
3, and take the subgroup S =< Z1Z2, Z2Z3 >= {I, Z1Z2, Z2Z3, Z1Z3}

<latexit sha1_base64="i8Ysx0hx4uV2a9wVkwZCQpht6nE="></latexit>

VZ2Z3 = span{|000→, |011→, |100→, |111→}
<latexit sha1_base64="FAPf+LjMDSjjry7xo1+IcgWrd6k="></latexit>

VZ1Z3 = span{|000→, |010→, |101→, |111→}

<latexit sha1_base64="G60T4ouz5kZRbOYmKM68M+ZvrSc=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGK/YA2lM120y7dZMPuRCmhP8OLB0W8+mu8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bRqWa8QZTUul2QA2XIuYNFCh5O9GcRoHkrWB0M/Vbj1wboeIHHCfcj+ggFqFgFK3U6d6LwRCp1uqpVyq7FXcGsky8nJQhR71X+ur2FUsjHiOT1JiO5yboZ1SjYJJPit3U8ISyER3wjqUxjbjxs9nJE3JqlT4JlbYVI5mpvycyGhkzjgLbGVEcmkVvKv7ndVIMr/xMxEmKPGbzRWEqCSoy/Z/0heYM5dgSyrSwtxI2pJoytCkVbQje4svLpHle8aqV6t1FuXadx1GAYziBM/DgEmpwC3VoAAMFz/AKbw46L8678zFvXXHymSP4A+fzB5StkXg=</latexit>→ <latexit sha1_base64="/GcCjWEYLZjwJr7nxQJg6K9KLBM=">AAACEnicbVDLSgMxFM34rPU16tJNsAgKUjIi1Y1QdOOyon1AZxgyaaYNzWSGJCOUab/Bjb/ixoUibl25829M21lo64ELJ+fcS+49QcKZ0gh9WwuLS8srq4W14vrG5ta2vbPbUHEqCa2TmMeyFWBFORO0rpnmtJVIiqOA02bQvx77zQcqFYvFvR4k1ItwV7CQEayN5NvHDf8OXkKVYAHdDA4RQq7EosvpCRw6jpM/oDvy7RIqowngPHFyUgI5ar795XZikkZUaMKxUm0HJdrLsNSMcDoquqmiCSZ93KVtQwWOqPKyyUkjeGiUDgxjaUpoOFF/T2Q4UmoQBaYzwrqnZr2x+J/XTnV44WVMJKmmgkw/ClMOdQzH+cAOk5RoPjAEE8nMrpD0sMREmxSLJgRn9uR50jgtO5Vy5fasVL3K4yiAfXAAjoADzkEV3IAaqAMCHsEzeAVv1pP1Yr1bH9PWBSuf2QN/YH3+ALWym6g=</latexit>

VS = span{| 000! , |111! }

<latexit sha1_base64="KI/lwh1NOYftnAVZVbx1O9WiJpM="></latexit>

Stab(|! ! ) = { P " Pn : P|! ! = |! ! }

<latexit sha1_base64="6AijS8PadMPiB+4oSg/mZDxMq6w=">AAAB/HicbVDLSsNAFL2pr1pf0S7dDBbBVUlUqhuh6KbuKtgHtDFMppN26OTBzEQIof6KGxeKuPVD3Pk3TtoutPXAwOGce7lnjhdzJpVlfRuFldW19Y3iZmlre2d3z9w/aMsoEYS2SMQj0fWwpJyFtKWY4rQbC4oDj9OON77J/c4jFZJF4b1KY+oEeBgynxGstOSa5bZ7i65QP8BqRDDPGpOHM9esWFVrCrRM7DmpwBxN1/zqDyKSBDRUhGMpe7YVKyfDQjHC6aTUTySNMRnjIe1pGuKASiebhp+gY60MkB8J/UKFpurvjQwHUqaBpyfzkHLRy8X/vF6i/EsnY2GcKBqS2SE/4UhFKG8CDZigRPFUE0wE01kRGWGBidJ9lXQJ9uKXl0n7tGrXqrW780r9el5HEQ7hCE7AhguoQwOa0AICKTzDK7wZT8aL8W58zEYLxnynDH9gfP4AWjKT9g==</latexit>

VI = H 3



Stabilizers
<latexit sha1_base64="GgZaLU4sC94g/qyE4P0tmSTDTlM="></latexit>

Consider the subgroupH = {± I, ± X } ! P1. We have that

<latexit sha1_base64="AR15nwW6+x6+SASS8HujG1uCZk4=">AAACWXicdVHPS8MwGE2rm3P+qu7oJTgEL45WZHoRhl7mbYr7AWspaZZ2YWlaklQZdf+kB0H8VzyYbT3opl8IvLz3Pr7kJUgZlcq2PwxzY7NU3qpsV3d29/YPrMOjnkwygUkXJywRgwBJwignXUUVI4NUEBQHjPSDyd1c7z8TIWnCn9Q0JV6MIk5DipHSlG+l5/fw1U0lha5APGIE3qyc3eV6pNFYISGSl4JZ7bL/dfb8ttbdfG6Z+VbdbtiLguvAKUAdFNXxrTd3lOAsJlxhhqQcOnaqvBwJRTEjs6qbSZIiPEERGWrIUUykly+SmcFTzYxgmAi9uYIL9mdHjmIpp3GgnTFSY7mqzcm/tGGmwmsvpzzNFOF4OSjMGFQJnMcMR1QQrNhUA4QF1XeFeIwEwkp/RlWH4Kw+eR30LhpOs9F8uKy3bos4KuAYnIAz4IAr0AJt0AFdgME7+DJKRtn4NA2zYlaXVtMoemrgV5m1b81Nrxs=</latexit>

! I |! " = |! " # |! " = 0 # VH = { 0}

<latexit sha1_base64="ziU3lFQfuEo+zEI66SrUM6Tv5E0="></latexit>

We want subgroupsS ! Pn such that VS "= { 0}
<latexit sha1_base64="dTvYxZrYf4d5hACvrRyTrZjttWM=">AAACK3icbVDLSgMxFM34tr5GXboJFsGNZUZExZXoRnf1USt0hpJJ0zY0kwzJHbUM/R83/ooLXfjArf9hpnZRWw8ETs45l8s9USK4Ac/7cCYmp6ZnZufmCwuLS8sr7urajVGppqxClVD6NiKGCS5ZBTgIdptoRuJIsGrUOc396h3Thit5Dd2EhTFpSd7klICV6u5JAOwBsrJWiTI81456eOccB1JBwCW+wgEOLnmrDURrdZ//khhzPJSou0Wv5PWBx4k/IEU0QLnuvgQNRdOYSaCCGFPzvQTCjGjgVLBeIUgNSwjtkBarWSpJzEyY9W/t4S2rNHBTafsk4L46PJGR2JhuHNlkTKBtRr1c/M+rpdA8DDMukxSYpL+LmqnAoHBeHG5wzSiIriWEalsVxbRNNKFg6y3YEvzRk8fJzW7J3y/tX+wVj08GdcyhDbSJtpGPDtAxOkNlVEEUPaJn9IbenSfn1fl0vn6jE85gZh39gfP9A6S2pqc=</latexit>

Proposition: ! I "#S $ ± iI "#S

<latexit sha1_base64="xJXl/FKqffFmYAzI6/kzNwPJ+jk="></latexit>

Any two elements of the Pauli group M, N ! Pn either commute or anticommute.

<latexit sha1_base64="rdl0/eb8qwUXGvwLfvLy3NCUbDk="></latexit>

Assume for the moment that MN = ! NM and VS "= { 0} and take |! # $ VS such that |! # "= 0

<latexit sha1_base64="/UuybXA3gKChQnxTt2SaqqipT6M=">AAACL3icbZBdSwJBFIZn7cvsa6vLboYk6CbZjbBuAimIbhSD/AAVmR2POjg7u8zMBrL5j7rpr3gTUUS3/YtG3YvUXhh4ec45nDmvF3KmtOO8W6mV1bX1jfRmZmt7Z3fP3j+oqiCSFCo04IGse0QBZwIqmmkO9VAC8T0ONW9wO6nXnkAqFohHPQyh5ZOeYF1GiTaobd89N0PFcFMS0eOAr3GxhBfRGS4Vl+EcaNtZJ+dMhZeNm5gsSlRu2+NmJ6CRD0JTTpRquE6oWzGRmlEOo0wzUhASOiA9aBgriA+qFU/vHeETQzq4G0jzhMZT+nciJr5SQ98znT7RfbVYm8D/ao1Id69aMRNhpEHQ2aJuxLEO8CQ83GESqOZDYwiVzPwV0z6RhGoTccaE4C6evGyq5zk3n8s/XGQLN0kcaXSEjtEpctElKqB7VEYVRNELGqMP9Gm9Wm/Wl/U9a01ZycwhmpP18wv7sac9</latexit>

|! ! = MN |! ! = " NM |! ! = " |! !
<latexit sha1_base64="QZhu8mzEjxxYZd0wpHdt+zktF5M="></latexit>

Therefore, if we want VS != { 0} we must have that
<latexit sha1_base64="ZnINMkpiiU2MtznyH2Wi4N+07Io=">AAAB/nicbVDLSgMxFM3UV62vUXHlJlgENw4zItVl0Y3uKtoHdIaSSTNtaCYZkoxQhoK/4saFIm79Dnf+jel0Ftp6LhcO59xLbk6YMKq0635bpaXlldW18nplY3Nre8fe3WspkUpMmlgwITshUoRRTpqaakY6iSQoDhlph6Prqd9+JFJRwR/0OCFBjAacRhQjbaSefeA50M/r9Bb6XGifcnjfs6uu4+aAi8QrSBUUaPTsL78vcBoTrjFDSnU9N9FBhqSmmJFJxU8VSRAeoQHpGspRTFSQ5edP4LFR+jAS0jTXMFd/b2QoVmoch2YyRnqo5r2p+J/XTXV0GWSUJ6kmHM8eilIGtYDTLGCfSoI1GxuCsKTmVoiHSCKsTWIVE4I3/+VF0jpzvJpTuzuv1q+KOMrgEByBE+CBC1AHN6ABmgCDDDyDV/BmPVkv1rv1MRstWcXOPvgD6/MHpQSTZA==</latexit>

1. ! I "#S
<latexit sha1_base64="tq6Nm3MrWf8b+ie0UF9CGospFrc="></latexit>

2. MN = NM ! M, N " S (S is commutative/Abelian)

Non-physical!!!



Stabilizers
<latexit sha1_base64="QZhu8mzEjxxYZd0wpHdt+zktF5M="></latexit>

Therefore, if we want VS != { 0} we must have that
<latexit sha1_base64="ZnINMkpiiU2MtznyH2Wi4N+07Io=">AAAB/nicbVDLSgMxFM3UV62vUXHlJlgENw4zItVl0Y3uKtoHdIaSSTNtaCYZkoxQhoK/4saFIm79Dnf+jel0Ftp6LhcO59xLbk6YMKq0635bpaXlldW18nplY3Nre8fe3WspkUpMmlgwITshUoRRTpqaakY6iSQoDhlph6Prqd9+JFJRwR/0OCFBjAacRhQjbaSefeA50M/r9Bb6XGifcnjfs6uu4+aAi8QrSBUUaPTsL78vcBoTrjFDSnU9N9FBhqSmmJFJxU8VSRAeoQHpGspRTFSQ5edP4LFR+jAS0jTXMFd/b2QoVmoch2YyRnqo5r2p+J/XTXV0GWSUJ6kmHM8eilIGtYDTLGCfSoI1GxuCsKTmVoiHSCKsTWIVE4I3/+VF0jpzvJpTuzuv1q+KOMrgEByBE+CBC1AHN6ABmgCDDDyDV/BmPVkv1rv1MRstWcXOPvgD6/MHpQSTZA==</latexit>

1. ! I "#S
<latexit sha1_base64="tq6Nm3MrWf8b+ie0UF9CGospFrc="></latexit>

2. MN = NM ! M, N " S (S is commutative/Abelian)

<latexit sha1_base64="gerMXAE9fgqDBFNHiTHp90c8EMQ="></latexit>

S is abelian ! gi gj = gj gi " i, j

<latexit sha1_base64="aUTPUEDoHrAQ3LacW3lQnoBGYQ8=">AAACVHicbVFBa9RAGJ2kVuuqda1HLx8ugoeyJCJVRKXoxYOHFbttYbOEyeyX7LCTmTDzpXQJ+ZH1IPhLvHhwshtBWx8MPN57H9/Mm6xS0lEU/QjCnVu7t+/s3R3cu/9g/+Hw0cGpM7UVOBVGGXuecYdKapySJIXnlUVeZgrPstXHzj+7QOuk0Se0rnBe8kLLXApOXkqHq4TwkpqJNZVxstPetJDAVv2MBC18ffe2SOPDRCwMuUMo0tX73ocMgYOrs8KaugKT+3RScloKrppJm+rxn+DJEnWbDkfRONoAbpK4JyPWY5IOvyULI+oSNQnFnZvFUUXzhluSQmE7SGqHFRcrXuDMU81LdPNmU0oLz7yygNxYfzTBRv17ouGlc+sy8 8nuyu6614n/82Y15a/njdRVTajFdlFeKyADXcOwkBYFqbUnXFjfqQCx5JYL8v8w8CXE1598k5y+GMdH46MvL0fHH/o69tgT9pQ9ZzF7xY7ZJzZhUybYFfsZsCAIvge/wp1wdxsNg37mMfsH4f5v1+Wy7Q==</latexit>

Proposition: Let S = < g1, á á á, gk > be a subgroup ofPn . Then

<latexit sha1_base64="vE+7A8klU4rwc3mTQYIazNTrqow="></latexit>

Moreover, if ! I "#S then g2 = I $g # S
<latexit sha1_base64="Ep60TvSSSITDW70mFOvV/LOYrn8="></latexit>

Now, we deÞne a functionr : Pn ! Z2n
2 that assigns to an element of the Pauli group itsZX " factors

<latexit sha1_base64="p6GcnxbS2LXTf0aFbfNuNhizLSI=">AAACDHicbVDLSgMxFL1TX7W+qi7dBIvQgpSZKtWNUHTjsoJ9QDsMmTTThmYeJBmhDP0AN/6KGxeKuPUD3Pk3pp1ZaOvhXjiccy/JPW7EmVSm+W3kVlbX1jfym4Wt7Z3dveL+QVuGsSC0RUIeiq6LJeUsoC3FFKfdSFDsu5x23PHNzO88UCFZGNyrSURtHw8D5jGClZacYkmUu46Fuk5N91kFXaGydYrSMtOq6Cmzas6BlomVkRJkaDrFr/4gJLFPA0U4lrJnmZGyEywUI5xOC/1Y0giTMR7SnqYB9qm0k/kxU3SilQHyQqE7UGiu/t5IsC/lxHf1pI/VSC56M/E/rxcr79JOWBDFigYkfciLOVIhmiWDBkxQovhEE0wE039FZIQFJkrnV9AhWIsnL5N2rWrVq/W781LjOosjD0dwDGWw4AIacAtNaAGBR3iGV3gznowX4934SEdzRrZzCH9gfP4AAc+VPw==</latexit>

r (X 1X 2X 3) = (1 , 1, 1, 0, 0, 0)
<latexit sha1_base64="JicayvahocafMft1dgh4Y9jYG78=">AAACC3icbZBNS8MwGMfT+TbnW9Wjl7AhbKCjVZlehKEXjxPci26lpFm6haVpSVJhlN29+FW8eFDEq1/Am9/GrOtBpw8J/Pj/n4fk+XsRo1JZ1peRW1hcWl7JrxbW1jc2t8ztnZYMY4FJE4csFB0PScIoJ01FFSOdSBAUeIy0vdHl1G/fEyFpyG/UOCJOgAac+hQjpSXXLIryIYW3rg3v3OMKPIdl+wBa6ZmBXXHNklW10oJ/wc6gBLJquOZnrx/iOCBcYYak7NpWpJwECUUxI5NCL5YkQniEBqSrkaOASCdJd5nAfa30oR8KfbmCqfpzIkGBlOPA050BUkM5703F/7xurPwzJ6E8ihXhePaQHzOoQjgNBvapIFixsQaEBdV/hXiIBMJKx1fQIdjzK/+F1lHVrlVr1yel+kUWRx7sgSIoAxucgjq4Ag3QBBg8gCfwAl6NR+PZeDPeZ605I5vZBb/K+PgGWEaU5Q==</latexit>

r (! iY1Z3) = (1 , 0, 0, 1, 0, 1)
<latexit sha1_base64="b8UESyZzGV9FK2HNcUFJHqEu17E=">AAACBHicbVDLSgMxFL1TX7W+Rl12EyxCC1pmilQ3QtGNywr2Ie0wZNJMG5p5kGSEMnThxl9x40IRt36EO//G9LHQ1kNyOZxzL8k9XsyZVJb1bWRWVtfWN7Kbua3tnd09c/+gKaNEENogEY9E28OSchbShmKK03YsKA48Tlve8Hritx6okCwK79Qopk6A+yHzGcFKS66ZF8VT1HZtdO9WSugSFe0TpI+la8k1C1bZmgItE3tOCjBH3TW/ur2IJAENFeFYyo5txcpJsVCMcDrOdRNJY0yGuE87moY4oNJJp0uM0bFWesiPhL6hQlP190SKAylHgac7A6wGctGbiP95nUT5F07KwjhRNCSzh/yEIxWhSSKoxwQlio80wUQw/VdEBlhgonRuOR2CvbjyMmlWyna1XL09K9Su5nFkIQ9HUAQbzqEGN1CHBhB4hGd4hTfjyXgx3o2PWWvGmM8cwh8Ynz8HW5M7</latexit>

r (! X 1Y2) = (1 , 1, 0, 1)

X Z <latexit sha1_base64="Je1pe1hiTg4yKrTnEkqsYnJe56A=">AAACIHicbVDLSgMxFM3UV62vUZdugkVwIWWmldaFStGN7irYB+0MQyZN29DMgyQjlKGf4sZfceNCEd3p15hpR7CtB244nHMvN/e4IaNCGsaXlllaXlldy67nNja3tnf03b2GCCKOSR0HLOAtFwnCqE/qkkpGWiEnyHMZabrD68RvPhAuaODfy1FIbA/1fdqjGEklOXrlvO2YsO0UT5JHVekSXkArhreJMOv8KiVojR09bxSMCeAiMVOSBylqjv5pdQMcecSXmCEhOqYRSjtGXFLMyDhnRYKECA9Rn3QU9ZFHhB1PDhzDI6V0YS/gqnwJJ+rfiRh5Qow8V3V6SA7EvJeI/3mdSPbO7Jj6YSSJj6eLehGDMoBJWrBLOcGSjRRBmFP1V4gHiCMsVaY5FYI5f/IiaRQLZrlQvjvNV6/SOLLgAByCY2CCCqiCG1ADdYDBI3gGr+BNe9JetHftY9qa0dKZfTAD7fsHfVydCg==</latexit>

< Z 1Z2, Z2Z3 > = { I, Z 1Z2, Z2Z3, Z1Z3}

<latexit sha1_base64="AWbNxN2ZmFlt8Vr14On/OacTbwQ=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBahXkpSpHosevFYwX7QNoTNdtMu3WzC7kYoof/CiwdFvPpvvPlv3KY5aOuDgcd7M8zM82POlLbtb6uwsbm1vVPcLe3tHxwelY9POipKJKFtEvFI9nysKGeCtjXTnPZiSXHoc9r1p3cLv/tEpWKReNSzmLohHgsWMIK1kfqy2vcc1Pfql165YtfsDGidODmpQI6WV/4ajiKShFRowrFSA8eOtZtiqRnhdF4aJorGmEzxmA4MFTikyk2zi+fowigjFETSlNAoU39PpDhUahb6pjPEeqJWvYX4nzdIdHDjpkzEiaaCLBcFCUc6Qov30YhJSjSfGYKJZOZWRCZYYqJNSCUTgrP68jrp1GtOo9Z4uKo0b/M4inAG51AFB66hCffQgjYQEPAMr/BmKevFerc+lq0FK585hT+wPn8ArMePoQ==</latexit>

r (Z1Z2)
<latexit sha1_base64="4LE1olbxddeTsS7trZT5fCdY6U4=">AAAB8XicbVBNT8JAEJ3iF+IX6tHLRmKCF9KCQY9ELx4xkY8ATbNdtrBhu212tyak4V948aAxXv033vw3LtCDgi+Z5OW9mczM82POlLbtbyu3sbm1vZPfLeztHxweFY9P2ipKJKEtEvFIdn2sKGeCtjTTnHZjSXHoc9rxJ3dzv/NEpWKReNTTmLohHgkWMIK1kXqy3POqqOfVLr1iya7YC6B14mSkBBmaXvFrMIxIElKhCcdK9R071m6KpWaE01lhkCgaYzLBI9o3VOCQKjddXDxDF0YZoiCSpoRGC/X3RIpDpaahbzpDrMdq1ZuL/3n9RAc3bspEnGgqyHJRkHCkIzR/Hw2ZpETzqSGYSGZuRWSMJSbahFQwITirL6+TdrXi1Cv1h6tS4zaLIw9ncA5lcOAaGnAPTWgBAQHP8ApvlrJerHfrY9mas7KZU/gD6/MHr9WPow==</latexit>

r (Z2Z3)
<latexit sha1_base64="FYmifNyS+JG4K/f9TxwBV7L8s0o=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBahXkqiUj0WvXisYD9oG8Jmu2mXbjZhdyOU0H/hxYMiXv033vw3btoctPXBwOO9GWbm+TFnStv2t1VYW9/Y3Cpul3Z29/YPyodHbRUlktAWiXgkuz5WlDNBW5ppTruxpDj0Oe34k7vM7zxRqVgkHvU0pm6IR4IFjGBtpJ6s9jwH9bzLc69csWv2HGiVODmpQI6mV/4aDCOShFRowrFSfceOtZtiqRnhdFYaJIrGmEzwiPYNFTikyk3nF8/QmVGGKIikKaHRXP09keJQqWnom84Q67Fa9jLxP6+f6ODGTZmIE00FWSwKEo50hLL30ZBJSjSfGoKJZOZWRMZYYqJNSCUTgrP88ippX9Sceq3+cFVp3OZxFOEETqEKDlxDA+6hCS0gIOAZXuHNUtaL9W59LFoLVj5zDH9gff4ArkyPog==</latexit>

r (Z1Z3)

<latexit sha1_base64="hbQQXCiCZ/aGllc6dzeEBYrEbck=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquSPVY9KK3CvYD2qVk02wbmmSXJCuUpX/BiwdFvPqHvPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etXWUKEJbJOKR6gZYU84kbRlmOO3GimIRcNoJJreZ33miSrNIPpppTH2BR5KFjGCTSap6fz4oV9yaOwdaJV5OKpCjOSh/9YcRSQSVhnCsdc9zY+OnWBlGOJ2V+ommMSYTPKI9SyUWVPvp/NYZOrPKEIWRsiUNmqu/J1IstJ6KwHYKbMZ62cvE/7xeYsJrP2UyTgyVZLEoTDgyEcoeR0OmKDF8agkmitlbERljhYmx8ZRsCN7yy6ukfVHz6rX6w2WlcZPHUYQTOIUqeHAFDbiDJrSAwBie4RXeHOG8OO/Ox6K14OQzx/AHzucPOtqNuQ==</latexit>

r (I )
<latexit sha1_base64="RuXYZl/SLpP4x4diU2wbHtxCMGg=">AAAB/nicbVDLSgNBEOz1GeNrVTx5GQyCp7ArEj0GvXiMYB6QLGF2MpsMmZ1dZnqFsAT8FS8eFPHqd3jzb5w8DppY0FBUddPdFaZSGPS8b2dldW19Y7OwVdze2d3bdw8OGybJNON1lshEt0JquBSK11Gg5K1UcxqHkjfD4e3Ebz5ybUSiHnCU8iCmfSUiwShaqesee6RDlqrrlryyNwVZJv6clGCOWtf96vQSlsVcIZPUmLbvpRjkVKNgko+LnczwlLIh7fO2pYrG3AT59PwxObNKj0SJtqWQTNXfEzmNjRnFoe2MKQ7MojcR//PaGUbXQS5UmiFXbLYoyiTBhEyyID2hOUM5soQyLeythA2opgxtYkUbgr/48jJpXJT9Srlyf1mq3szjKMAJnMI5+HAFVbiDGtSBQQ7P8ApvzpPz4rw7H7PWFWc+cwR/4Hz+AAykkbQ=</latexit>

0 0 0 0 0 0
<latexit sha1_base64="8/YgpsFWIcUir8hornzYx4FxfwI=">AAAB/nicbVDLSgMxFL1TX7W+RsWVm2ARXJWMSHVZdOOygn1AO5RMmmlDM5khyQhlKPgrblwo4tbvcOffmLYjaOuBA4dz7iU3J0gE1wbjL6ewsrq2vlHcLG1t7+zuufsHTR2nirIGjUWs2gHRTHDJGoYbwdqJYiQKBGsFo5tp3npgSvNY3ptxwvyIDCQPOSXGWj33CKMu+qGXE/fcMq7gGdCy8HJRhhz1nvvZ7cc0jZg0VBCtOx5OjJ8RZTgVbFLqppolhI7IgHWslCRi2s9m50/QqXX6KIyVpTRo5v7eyEik9TgK7GREzFAvZlPzv6yTmvDKz7hMUsMknT8UpgKZGE27QH2uGDVibAWhittbER0SRaixjZVsCd7il5dF87ziVSvVu4ty7TqvowjHcAJn4MEl1OAW6tAAChk8wQu8Oo/Os/PmvM9HC06+cwh/4Hx8Aw+4kbY=</latexit>

0 0 0 1 1 0
<latexit sha1_base64="Hrat/mRDWuQyzM/jWUg5xMlWtRE=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAIrkoiUl0W3bisYB/QhjKZTtqhk0mYmQglFPwVNy4Ucet3uPNvnKRZ1NYDBw7n3MvcOX7MmdKO82OV1tY3NrfK25Wd3b39A/vwqK2iRBLaIhGPZNfHinImaEszzWk3lhSHPqcdf3KX5Z0nKhWLxKOextQL8UiwgBGsjTWwTxzUR4t0Mw7sqlNzcqBV4RaiCgWaA/u7P4xIElKhCcdK9Vwn1l6KpWaE01mlnygaYzLBI9ozUuCQKi/Nz5+hc+MMURBJQ6FR7i5upDhUahr6ZjLEeqyWs8z8L+slOrjxUibiRFNB5g8FCUc6QlkXaMgkJZpPjcBEMnMrImMsMdGmsYopwV3+8qpoX9bceq3+cFVt3BZ1lOEUzuACXLiGBtxDE1pAIIUXeIN369l6tT6sz/loySp2juEPrK9fD7CRtg==</latexit>

0 0 0 0 1 1
<latexit sha1_base64="XJUZQqd/tKG0c1G3QBpRUY4lyb0=">AAAB/nicbVBNSwMxEJ3Ur1q/VsWTl2ARPJVdkeqx6MVjBVsL7VKyabYNzWaXJCuUpeBf8eJBEa/+Dm/+G9N2C9r6YMjjvRlm8oJEcG1c9xsVVlbX1jeKm6Wt7Z3dPWf/oKnjVFHWoLGIVSsgmgkuWcNwI1grUYxEgWAPwfBm4j88MqV5LO/NKGF+RPqSh5wSY6Wuc+TiDp6XN3+7TtmtuFPgZeLlpAw56l3nq9OLaRoxaaggWrc9NzF+RpThVLBxqZNqlhA6JH3WtlSSiGk/m54/xqdW6eEwVrakwVP190RGIq1HUWA7I2IGetGbiP957dSEV37GZZIaJulsUZgKbGI8yQL3uGLUiJElhCpub8V0QBShxiZWsiF4i19eJs3ziletVO8uyrXrPI4iHMMJnIEHl1CDW6hDAyhk8Ayv8Iae0At6Rx+z1gLKZw7hD9DnDw+0kbY=</latexit>

0 0 0 1 0 1

<latexit sha1_base64="7CDz+hFii/hnzm/SPcG6JVj1JjA=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXJHoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse5VypX5Vqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3UXjLo=</latexit>

+

<latexit sha1_base64="dfa12l/r87/D93uS51ywGerJGEM=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRC9C0IvHBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDfzW0+oNI/lgxkn6Ed0IHnIGTVWqt/0iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkuZF2auUK/XLUvU2iyMPJ3AK5+DBFVThHmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP5BfjMw=</latexit>=

Forget coefficient

The whole reason for efficient simulation

For simulation, use 2 bits to save the coefficient



Stabilizers
<latexit sha1_base64="ltxHgM1vC8ypxTPwIVs98zFN2RA="></latexit>

Proposition: Let I n be the n ! n identity matrix and denote

<latexit sha1_base64="R9AIsFHT8tuMXnkBQ4dlLjMYc3Y="></latexit>

! =
!

0n I n

I n 0n

"
.

<latexit sha1_base64="1rJlvUjpbE8GUl9j5URLnsQxwyE="></latexit>

gg! = g!g ! r (g)! r (g!)T = 0

<latexit sha1_base64="abkk5+BNHTzk+o1VqWrbcZ/YS34=">AAACGHicbVC7SgNBFJ31GeMramkzGEQLibsi0TJoY2ERwTwgG8Ls5CYZnJ1dZu6KYdnPsPFXbCwUsU3n3zh5FL4ODBzOOZe59wSxFAZd99OZm19YXFrOreRX19Y3Ngtb23UTJZpDjUcy0s2AGZBCQQ0FSmjGGlgYSGgEd5djv3EP2ohI3eIwhnbI+kr0BGdopU7h2Ed4wPQakGa0f9Q/8IWifshwwJlMq1lHHdFphOIAVNYpFN2SOwH9S7wZKZIZqp3CyO9GPAlBIZfMmJbnxthOmUbBJWR5PzEQM37H+tCyVLEQTDudHJbRfat0aS/S9imkE/X7RMpCY4ZhYJPjlc1vbyz+57US7J23U6HiBEHx6Ue9RFKM6Lgl2hUaOMqhJYxrYXelfMA042i7zNsSvN8n/yX1k5JXLpVvTouVi1kdObJL9sgh8cgZqZArUiU1wskjeSav5M15cl6cd+djGp1zZjM75Aec0RdVF5/9</latexit>

Let g, g! ! Pn , then

<latexit sha1_base64="2tZc+ajpIkk2r8fKzplIQ6ZjKfU="></latexit>

Moreover, r : Pn ! Z2n
2 is an epimorphism of groups andker(r ) = {± I ! n , ± iI ! n }

<latexit sha1_base64="WQaAVjhapRZfjsEx8VEDq/JYquk="></latexit>

We say that the generatorsg1, á á á, gk of a subgroupS = < g1, á á á, gn > of Pn are independent

<latexit sha1_base64="EX19HsRhyS/OlguImhtJ6d7hkZw="></latexit>

if the vectors r (g1), á á á, r (gk ) are linearly independent.

<latexit sha1_base64="Vn7dNetQJ1C9T1vqeFv1kNW51bM="></latexit>

the subgroup < g1, á á á, ögj , á á á, gk > is strictly smaller than S.

Symplectic form

Definition

<latexit sha1_base64="/XPXPJ+wGdXKkpqjlCVTilLxQ5A="></latexit>

Proposition: If ! I "#S = < g1, á á á, gk > and the generators are independent, then for anyj



Stabilizers
<latexit sha1_base64="bSqjWIC97GETHbdiGiH5WF5Mvso="></latexit>

Theorem: Let S = < g1, á á á, gn ! k > be an abelian subgroup ofPn with independent generators and
<latexit sha1_base64="fhgHejx8ohdDa7Ikq2eRlt0yn6Y="></latexit>

! I "#S. Then dim CVS = 2 k

Example: 
<latexit sha1_base64="+vaMlIJP7IG5TTvC1K0eefG2E+w=">AAACI3icbVBdS8MwFE39nPOr6qMvwSEIwmiHTBGEoS8+TnAfsJaRpukWlqY1SYXR9b/44l/xxQdl+OKD/8VsK6KbBwIn59x7k3u8mFGpLOvTWFpeWV1bL2wUN7e2d3bNvf2mjBKBSQNHLBJtD0nCKCcNRRUj7VgQFHqMtLzBzcRvPRIhacTv1TAmboh6nAYUI6Wlrnk5cmJJoSMQ7zECr6DjBwLhdGRZP+IpHNl2fslSRz4IlVayrGuWrLI1BVwkdk5KIEe9a44dP8JJSLjCDEnZsa1YuSkSimI9uegkksQID1CPdDTlKCTSTac7ZvBYKz4MIqEPV3Cq/u5IUSjlMPR0ZYhUX857E/E/r5Oo4MJNKY8TRTiePRQkDKoITgKDPhUEKzbUBGFB9V8h7iOdkdKxFnUI9vzKi6RZKdvVcvXurFS7zuMogENwBE6ADc5BDdyCOmgADJ7AC3gD78az8WqMjY9Z6ZKR9xyAPzC+vgFIAaQb</latexit>

|! ! =
|00! + |11!

"
2

<latexit sha1_base64="n5aFk2dzZpeCNGB9Nzz9duc6Z6w=">AAACFXicbVDLSsNAFJ3UV62vqEs3g0VwISUpUl0W3XRZwT6gqWEynbRDJ5kwM6mUkJ9w46+4caGIW8Gdf+OkDaKtBy4czrmXe+/xIkalsqwvo7Cyura+UdwsbW3v7O6Z+wdtyWOBSQtzxkXXQ5IwGpKWooqRbiQICjxGOt74OvM7EyIk5eGtmkakH6BhSH2KkdKSa545AVIjjFjSTN0qdHAsJgQJwe8FHY4U/LEb6V3VNctWxZoBLhM7J2WQo+man86A4zggocIMSdmzrUj1EyQUxYykJSeWJEJ4jIakp2mIAiL7yeyrFJ5oZQB9LnSFCs7U3xMJCqScBp7uzI6Ui14m/uf1YuVf9hMaRrEiIZ4v8mMGFYdZRHBABcGKTTVBWFB9K8QjJBBWOsiSDsFefHmZtKsVu1ap3ZyX61d5HEVwBI7BKbDBBaiDBmiCFsDgATyBF/BqPBrPxpvxPm8tGPnMIfgD4+MbT8WfjQ==</latexit>

P2 ! H 2
<latexit sha1_base64="f28cV3udd6T9byQynN0kQMvUOWY=">AAACE3icbZDLSgMxFIYz9VbrbdSlm2ARqkiZKVJdWCm6cVmpvdDOMGTStA3NZIYkI5Tad3Djq7hxoYhbN+58G9N2Flr9IfDxn3M4Ob8fMSqVZX0ZqYXFpeWV9GpmbX1jc8vc3qnLMBaY1HDIQtH0kSSMclJTVDHSjARBgc9Iwx9cTeqNOyIkDfmtGkbEDVCP0y7FSGnLM4+qpapCfu7eiSSFjkC8x8ghLMHzpmfDplc4hi0NLa9w4ZlZK29NBf+CnUAWJKp45qfTCXEcEK4wQ1K2bStS7ggJRTEj44wTSxIhPEA90tbIUUCkO5reNIYH2unAbij04wpO3Z8TIxRIOQx83Rkg1ZfztYn5X60dq+6ZO6I8ihXheLaoGzOoQjgJCHaoIFixoQaEBdV/hbiPBMJKx5jRIdjzJ/+FeiFvF/PFm5Ns+TKJIw32wD7IARucgjK4BhVQAxg8gCfwAl6NR+PZeDPeZ60pI5nZBb9kfHwD7z6bBw==</latexit>

S = Stab(|! ! ) = < X 1X 2, Z1Z2 >

<latexit sha1_base64="dFhYdeuwaNIAr4AVNtGcZxqJFiY=">AAACFHicbVDLSsNAFJ34rPUVdelmsAgVoSQi1Y1Q7MZlffQBTQiT6aQdOnkwM1FKyEe48VfcuFDErQt3/o2TNAttPcPA4Zx7ufceN2JUSMP41hYWl5ZXVktr5fWNza1tfWe3I8KYY9LGIQt5z0WCMBqQtqSSkV7ECfJdRrruuJn53XvCBQ2DOzmJiO2jYUA9ipFUkqMfWzd0OJKI8/ABWvkbUN9JLB/JkesmzTStdpzbI3gBTUevGDUjB5wnZkEqoEDL0b+sQYhjnwQSMyRE3zQiaSeIS4oZSctWLEiE8BgNSV/RAPlE2El+VAoPlTKAXsjVDyTM1d8dCfKFmPiuqsx2FbNeJv7n9WPpndsJDaJYkgBPB3kxgzKEWULqfk6wZBNFEOZU7QrxCHGEpcqxrEIwZ0+eJ52Tmlmv1a9PK43LIo4S2AcHoApMcAYa4Aq0QBtg8AiewSt40560F+1d+5iWLmhFzx74A+3zB1gynRo=</latexit>

! dim C(VS) = 1

<latexit sha1_base64="ZZfnhjFys96wlOhw0lNmKan3eQM=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRahgpRdkeqx6MVjBfsB7VKyabYNzWaXZFYopX/DiwdFvPpnvPlvTNs9aOtjAo/3ZpjJCxIpDLrut5NbW9/Y3MpvF3Z29/YPiodHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6G7mt564NiJWjzhOuB/RgRKhYBSt1C17F8SWa+u8Vyy5FXcOskq8jJQgQ71X/Or2Y5ZGXCGT1JiO5yboT6hGwSSfFrqp4QllIzrgHUsVjbjxJ/Obp+TMKn0Sxto+hWSu/p6Y0MiYcRTYzoji0Cx7M/E/r5NieONPhEpS5IotFoWpJBiTWQCkLzRnKMeWUKaFvZWwIdWUoY2pYEPwlr+8SpqXFa9aqT5clWq3WRx5OIFTKIMH11CDe6hDAxgk8Ayv8Oakzovz7nwsWnNONnMMf+B8/gDPno70</latexit>

(1, 1, 0, 0)

<latexit sha1_base64="e1F88u3T7HS5a756Jq8xIK+7nYA=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRahgpRdkeqx6MVjBfsB7VKyabYNzWaXZFYopX/DiwdFvPpnvPlvTNs9aOtjAo/3ZpjJCxIpDLrut5NbW9/Y3MpvF3Z29/YPiodHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6G7mt564NiJWjzhOuB/RgRKhYBSt1C27F8SWZ+u8Vyy5FXcOskq8jJQgQ71X/Or2Y5ZGXCGT1JiO5yboT6hGwSSfFrqp4QllIzrgHUsVjbjxJ/Obp+TMKn0Sxto+hWSu/p6Y0MiYcRTYzoji0Cx7M/E/r5NieONPhEpS5IotFoWpJBiTWQCkLzRnKMeWUKaFvZWwIdWUoY2pYEPwlr+8SpqXFa9aqT5clWq3WRx5OIFTKIMH11CDe6hDAxgk8Ayv8Oakzovz7nwsWnNONnMMf+B8/gDPko70</latexit>

(0, 0, 1, 1)

<latexit sha1_base64="URLIZOuiYU6CFzbaimqp+d1gIuY=">AAACCnicbVDLSsNAFL3xWesr6tLNaBFclaRIdSMU3bisYNvQNoTJdNIOnTyYmQgldO3GX3HjQhG3foE7/8ZpG0RbDwz3cM693LnHTziTyrK+jKXlldW19cJGcXNre2fX3NtvyjgVhDZIzGPh+FhSziLaUExx6iSC4tDntOUPryd+654KyeLoTo0S6oa4H7GAEay05JlHjmcjx6ugtq5tXS9/WO54ZskqW1OgRWLnpAQ56p752e3FJA1ppAjHUnZsK1FuhoVihNNxsZtKmmAyxH3a0TTCIZVuNj1ljE600kNBLPSLFJqqvycyHEo5Cn3dGWI1kPPeRPzP66QquHAzFiWpohGZLQpSjlSMJrmgHhOUKD7SBBPB9F8RGWCBidLpFXUI9vzJi6RZKdvVcvX2rFS7yuMowCEcwynYcA41uIE6NIDAAzzBC7waj8az8Wa8z1qXjHzmAP7A+PgGyKSWiQ==</latexit>

X 1X 2Z1Z2 = Z1Z2X 1X 2

<latexit sha1_base64="K4o34ZlJaHC5mNIwIZLaiZSdP7w=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqqH6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGD+jynAmcFrspRoTysZ0iF1LJY1Q+9n80Ck5t8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrzxMy6T1KBki0VhKoiJyexrMuAKmRETSyhT3N5K2IgqyozNpmhD8JZfXiWty4pXrVQbV+XabR5HAU7hDC7Ag2uowT3UoQkMEJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4A4LONAQ==</latexit>r

<latexit sha1_base64="CR18NZdCrje3KQ62Jq25LL4IV3s=">AAACF3icbVDLSgNBEJz1bXxFPXoZDYKnsCuiHkUvHhWMEZIQeiedZMjszDLTq4Ylf+HFX/HiQRGvevNvnMQcfBUMFFXd9FTFqZKOwvAjmJicmp6ZnZsvLCwuLa8UV9cuncmswIowytirGBwqqbFCkhRepRYhiRVW497J0K9eo3XS6Avqp9hIoKNlWwogLzWL5TrhLeVV5D1tbjh1kTsCQp6lnAwH3lEmBsXTrj+yOWgWS2E5HIH/JdGYlNgYZ83ie71lRJagJqHAuVoUptTIwZIUCgeFeuYwBdGDDtY81ZCga+SjXAO+7ZUWbxvrnyY+Ur9v5JA4109iP5kAdd1vbyj+59Uyah82cqnTjFCLr0PtTA0TD0viLWlRkOp7AsJK/1cuumBBkK+y4EuIfkf+Sy53y9F+ef98r3R0PK5jjm2wLbbDInbAjtgpO2MVJtgde2BP7Dm4Dx6Dl+D1a3QiGO+ssx8I3j4BHL6fRA==</latexit>

We know the state up to a global phase!

<latexit sha1_base64="cZpFQo/AOnN/P/FhqCAQABY4aUE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqheh6MVjRfsBbSib7aZdutmE3YlQQn+CFw+KePUXefPfuG1z0OqDgcd7M8zMCxIpDLrul1NYWV1b3yhulra2d3b3yvsHLROnmvEmi2WsOwE1XArFmyhQ8k6iOY0CydvB+Gbmtx+5NiJWDzhJuB/RoRKhYBStdD++cvvlilt15yB/iZeTCuRo9MufvUHM0ogrZJIa0/XcBP2MahRM8mmplxqeUDamQ961VNGIGz+bnzolJ1YZkDDWthSSufpzIqORMZMosJ0RxZFZ9mbif143xfDSz4RKUuSKLRaFqSQYk9nfZCA0ZygnllCmhb2VsBHVlKFNp2RD8JZf/ktaZ1WvVq3dnVfq13kcRTiCYzgFDy6gDrfQgCYwGMITvMCrI51n5815X7QWnHzmEH7B+fgGxjeNew==</latexit>

k = 0



Evolution
<latexit sha1_base64="qj2xUOVH3XS3YKdS9Of2FIocht0="></latexit>

Let S = < g1, á á á, gn ! k > be an abelian subgroup of the Pauli groupPn with independent generators
<latexit sha1_base64="2g/qx9FndrvERF4PBk2YBqWR16E="></latexit>

such that ! I "#S and let |! $ # VS ! 0. Let U be a unitary on n-qubits.
<latexit sha1_base64="lu/wRHLpyJWuZYeN44H+cl4qmk8=">AAACCnicbVA9SwNBEN3zM8avU0ub1SBYhTuRaBm0sbCImA8hCWFvM0kW9/aO3TkxHKlt/Cs2ForY+gvs/Ddu4hWa+GDg8d4MM/OCWAqDnvflzM0vLC4t51byq2vrG5vu1nbdRInmUOORjPRNwAxIoaCGAiXcxBpYGEhoBLfnY79xB9qISFVxGEM7ZH0leoIztFLH3Wsh3GNKLwHpiPZbQtHrIs3E6gDUqOMWvKI3AZ0lfkYKJEOl4362uhFPQlDIJTOm6XsxtlOmUXAJo3wrMRAzfsv60LRUsRBMO528MqIHVunSXqRtKaQT9fdEykJjhmFgO0OGAzPtjcX/vGaCvdN2KlScICj+s6iXSIoRHedCu0IDRzm0hHEt7K2UD5hmHG16eRuCP/3yLKkfFf1SsXR1XCifZXHkyC7ZJ4fEJyekTC5IhdQIJw/kibyQV+fReXbenPef1jknm9khf+B8fAPbLJnB</latexit>

Let g ! S. Then

<latexit sha1_base64="h953/aAYypG0u9yBkFUD+ZoOtfQ=">AAACPHicdVC7TsMwFHXKq5RXgZHFokJiqhKECgtSBQtjEaSt1ITKcW5Tq44T2Q5SVfphLHwEGxMLAwixMuM+BmjhWLaOzrnX9j1BypnStv1s5RYWl5ZX8quFtfWNza3i9k5dJZmk4NKEJ7IZEAWcCXA10xyaqQQSBxwaQe9i5DfuQCqWiBvdT8GPSSRYh1GijdQuXrv43ksVw54kIuKAPbPOxid2o389F0fYvfVCEkUg8cwd7WLJLttj4HniTEkJTVFrF5+8MKFZDEJTTpRqOXaq/QGRmlEOw4KXKUgJ7ZEIWoYKEoPyB+Phh/jAKCHuJNJsofFY/dkxILFS/TgwlTHRXTXrjcS/vFamO6f+gIk00yDo5KFOxrFO8ChJHDIJVPO+IYRKZv6KaZdIQrXJu2BCcGZHnif1o7JTKVeujkvV82kcebSH9tEhctAJqqJLVEMuougBvaA39G49Wq/Wh/U5Kc1Z055d9AvW1zcqjaqU</latexit>

U|! ! = Ug|! ! = UgU  U|! !
<latexit sha1_base64="Ap8WNHRc87aC23CVciATJzEBRNg="></latexit>

This means that the state U|! ! is stabilized by UgU 

<latexit sha1_base64="IWnqkBjt5NDYpw1HycFWOw3P3zc=">AAAB9XicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx4xkUcCK5kdemHC7OxmZlZDkP/w4kFjvPov3vwbB9iDgpV0UqnqTndXkAiujet+O7mV1bX1jfxmYWt7Z3evuH/Q0HGqGNZZLGLVCqhGwSXWDTcCW4lCGgUCm8Hweuo3H1BpHss7M0rQj2hf8pAzaqx0/0Q6ieako6jsC+wWS27ZnYEsEy8jJchQ6xa/Or2YpRFKwwTVuu25ifHHVBnOBE4KnVRjQtmQ9rFtqaQRan88u3pCTqzSI2GsbElDZurviTGNtB5Fge2MqBnoRW8q/ue1UxNe+mMuk9SgZPNFYSqIick0AtLjCpkRI0soU9zeStiAKsqMDapgQ/AWX14mjbOyVylXbs9L1assjjwcwTGcggcXUIUbqEEdGCh4hld4cx6dF+fd+Zi35pxs5hD+wPn8AR/Skko=</latexit>

|! !
<latexit sha1_base64="CbadVzphvBFuQ86nG4JDCn6mUDQ=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF0xbaUDbbSbt2swm7G6GU/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvTAXXxnW/nbX1jc2t7cJOcXdv/+CwdHTc1EmmGPosEYlqh1Sj4BJ9w43AdqqQxqHAVji6m/mtJ1SaJ/LBjFMMYjqQPOKMGis1/F6p7FbcOcgq8XJShhz1Xumr209YFqM0TFCtO56bmmBCleFM4LTYzTSmlI3oADuWShqjDibzQ6fk3Cp9EiXKljRkrv6emNBY63Ec2s6YmqFe9mbif14nM9FNMOEyzQxKtlgUZYKYhMy+Jn2ukBkxtoQyxe2thA2poszYbIo2BG/55VXSvKx41Uq1cVWu3eZxFOAUzuACPLiGGtxDHXxggPAMr/DmPDovzrvzsWhdc/KZE/gD5/MHtL+M5A==</latexit>

U
<latexit sha1_base64="HdWO6Q/qM1nVg32z6lPSD9FWwfA=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEInkoiUj0WvXisYNpCE8pmO2mXbjZhdyPU2F/ixYMiXv0p3vw3btsctPXBwOO9GWbmhSlnSjvOt1VaW9/Y3CpvV3Z29/ar9sFhWyWZpODRhCeyGxIFnAnwNNMcuqkEEoccOuH4ZuZ3HkAqloh7PUkhiMlQsIhRoo3Ut6sefvJTxbAviRhy6Ns1p+7MgVeJW5AaKtDq21/+IKFZDEJTTpTquU6qg5xIzSiHacXPFKSEjskQeoYKEoMK8vnhU3xqlAGOEmlKaDxXf0/kJFZqEoemMyZ6pJa9mfif18t0dBXkTKSZBkEXi6KMY53gWQp4wCRQzSeGECqZuRXTEZGEapNVxYTgLr+8StrndbdRb9xd1JrXRRxldIxO0Bly0SVqolvUQh6iKEPP6BW9WY/Wi/VufSxaS1Yxc4T+wPr8AUGykto=</latexit>

U|! !

<latexit sha1_base64="JWIF0ihYtFOfjnj5+Hfu3Y8iJVI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqDPulsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kD0AeM9g==</latexit>g
<latexit sha1_base64="T8uWmtcsSii5hvhwX7IBt0/CvMA=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48VTFtoY9lsNunSzSbubgol9Hd48aCIV3+MN/+N2zYHbX0w8Hhvhpl5fsqZ0rb9bZXW1jc2t8rblZ3dvf2D6uFRWyWZJNQlCU9k18eKciaoq5nmtJtKimOf044/up35nTGViiXiQU9S6sU4EixkBGsjeS6KkPvYD3AUUTmo1uy6PQdaJU5BalCgNah+9YOEZDEVmnCsVM+xU+3lWGpGOJ1W+pmiKSYjHNGeoQLHVHn5/OgpOjNKgMJEmhIazdXfEzmOlZrEvumMsR6qZW8m/uf1Mh1eezkTaaapIItFYcaRTtAsARQwSYnmE0MwkczcisgQS0y0yaliQnCWX14l7Yu606g37i9rzZsijjKcwCmcgwNX0IQ7aIELBJ7gGV7hzRpbL9a79bFoLVnFzDH8gfX5A8ivkXw=</latexit>

UgU 

<latexit sha1_base64="KNP6HMLt4MRVUs0ARunJbSXaQqU="></latexit>

Proposition: The vector spaceUVS = { U|! ! : |! ! " VS} is stabilized by the group USU  = { UgU  : g " S}
<latexit sha1_base64="c7UjGzpPB4JkU4zMtmStIjqiiHY="></latexit>

In this case, USU  = < Ugj U  : j = 1 , á á á, n ! k >

<latexit sha1_base64="dEiWlGeLWw+WQ0u6+Owr6w3xWRc=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwUUsiUl2IFN24rGAf0IYwmUzSoZOZMDMRaij+ihsXirj1P9z5N04fC209cOFwzr3ce0+QMqq043xbC4tLyyurhbXi+sbm1ra9s9tUIpOYNLBgQrYDpAijnDQ01Yy0U0lQEjDSCvo3I7/1QKSigt/rQUq8BMWcRhQjbSTf3r+MfbfcxaHQqhz7OT/pD698u+RUnDHgPHGnpASmqPv2VzcUOEsI15ghpTquk2ovR1JTzMiw2M0USRHuo5h0DOUoIcrLx9cP4ZFRQhgJaYprOFZ/T+QoUWqQBKYzQbqnZr2R+J/XyXR04eWUp5kmHE8WRRmDWsBRFDCkkmDNBoYgLKm5FeIekghrE1jRhODOvjxPmqcVt1qp3p2VatfTOArgAByCY+CCc1ADt6AOGgCDR/AMXsGb9WS9WO/Wx6R1wZrO7IE/sD5/AFCHlIQ=</latexit>< g1, á á á, gn ! k >
<latexit sha1_base64="aqgZbQmffJUtSYZmuyMj3vXTphY=">AAACEnicbVBNSwMxEM36WevXqkcvwSIo1LIrUj2IFL14rOC2hbaWbDbdhmaTJckKZelv8OJf8eJBEa+evPlvTNtFtPXBwOO9GWbm+TGjSjvOlzU3v7C4tJxbya+urW9s2lvbNSUSiYmHBROy4SNFGOXE01Qz0oglQZHPSN3vX438+j2Rigp+qwcxaUco5LRLMdJG6tiH517Ycb27VoDCkMhiCwdCq6IRU37UH8If56JjF5ySMwacJW5GCiBDtWN/tgKBk4hwjRlSquk6sW6nSGqKGRnmW4kiMcJ9FJKmoRxFRLXT8UtDuG+UAHaFNMU1HKu/J1IUKTWIfNMZId1T095I/M9rJrp71k4pjxNNOJ4s6iYMagFH+cCASoI1GxiCsKTmVoh7SCKsTYp5E4I7/fIsqR2X3HKpfHNSqFxmceTALtgDB8AFp6ACrkEVeACDB/AEXsCr9Wg9W2/W+6R1zspmdsAfWB/f+yGdEg==</latexit>

< Ug1U  , á á á, Ugn ! k U  >

Just like density matrices!

<latexit sha1_base64="xCOs6fRYjil1G88n40uWgHCyvxM=">AAACH3icbVDLSgMxFM3UV62vUZdugkWomzIjUt0IpW5cVnDaQqeWTHo7Dc1khiQjlNo/ceOvuHGhiLjr35g+BG09EDiccy439wQJZ0o7ztjKrKyurW9kN3Nb2zu7e/b+QU3FqaTg0ZjHshEQBZwJ8DTTHBqJBBIFHOpB/3ri1x9AKhaLOz1IoBWRULAuo0QbqW2XvEc/UQz7koiQA77CfoWFBeyF3r3fIWEIciKc4lnuJ9a2807RmQIvE3dO8miOatv+8jsxTSMQmnKiVNN1Et0aEqkZ5TDK+amChNA+CaFpqCARqNZwet8Inxilg7uxNE9oPFV/TwxJpNQgCkwyIrqnFr2J+J/XTHX3sjVkIkk1CDpb1E051jGelIU7TALVfGAIoZKZv2LaI5JQbSrNmRLcxZOXSe2s6JaKpdvzfLkyryOLjtAxKiAXXaAyukFV5CGKntALekPv1rP1an1Yn7NoxprPHKI/sMbfGEuhzQ==</latexit>

U|! ! =
!

UgU 
"

U|! !



Evolution
Example: 

<latexit sha1_base64="iiJWJ3D7A5hzDfkCwsrs0oHzYuI=">AAAB/3icbVBNS8NAEN3Ur1q/ooIXL4tF8FQSkeqx6MVjBfsBTSyb7aZdutmE3YlQ0h78K148KOLVv+HNf+O2zUFbHww83pthZl6QCK7Bcb6twsrq2vpGcbO0tb2zu2fvHzR1nCrKGjQWsWoHRDPBJWsAB8HaiWIkCgRrBcObqd96ZErzWN7DKGF+RPqSh5wSMFLXPho72FNE9gV7yLwYeMQ0lpOuXXYqzgx4mbg5KaMc9a795fVimkZMAhVE647rJOBnRAGngk1KXqpZQuiQ9FnHUEnMHj+b3T/Bp0bp4TBWpiTgmfp7IiOR1qMoMJ0RgYFe9Kbif14nhfDKz7hMUmCSzheFqcAQ42kYuMcVoyBGhhCquLkV0wFRhIKJrGRCcBdfXibN84pbrVTvLsq16zyOIjpGJ+gMuegS1dAtqqMGomiMntErerOerBfr3fqYtxasfOYQ/YH1+QPYJZYE</latexit>

|0! ! n <latexit sha1_base64="zviF9Wpgy5wA6Z0DfytHfdeSMLo=">AAAB9HicbVDLTgJBEOz1ifhCPXqZSEw8kV1j0CPRC0dM5JHASmaHASbMzq4zvSRkw3d48aAxXv0Yb/6NA+xBwUo6qVR1p7sriKUw6Lrfztr6xubWdm4nv7u3f3BYODpumCjRjNdZJCPdCqjhUiheR4GSt2LNaRhI3gxGdzO/OebaiEg94CTmfkgHSvQFo2glv/qYdiIUITdETbuFolty5yCrxMtIETLUuoWvTi9iScgVMkmNaXtujH5KNQom+TTfSQyPKRvRAW9bqqjd46fzo6fk3Co90o+0LYVkrv6eSGlozCQMbGdIcWiWvZn4n9dOsH/jp0LFCXLFFov6iSQYkVkCpCc0ZygnllCmhb2VsCHVlKHNKW9D8JZfXiWNy5JXLpXvr4qV2yyOHJzCGVyAB9dQgSrUoA4MnuAZXuHNGTsvzrvzsWhdc7KZE/gD5/MHx9SSIA==</latexit>

H ! n

<latexit sha1_base64="hTefvy34MYBnyiqkHli/sCoJT7A=">AAACFHicbVDLSsNAFJ3UV62vqEs3g0UQxJIUqW6EohuXFewDmrRMppN22skkzEyEEvMRbvwVNy4UcevCnX/jpO1CWw9cOJxzL/fe40WMSmVZ30ZuaXlldS2/XtjY3NreMXf3GjKMBSZ1HLJQtDwkCaOc1BVVjLQiQVDgMdL0RteZ37wnQtKQ36lxRNwA9Tn1KUZKS13zxOn5AuHETpNyh6fQkXHQTYaXVtrJhFM7hQ9DRyDeZ6RrFq2SNQFcJPaMFMEMta755fRCHAeEK8yQlG3bipSbIKEoZiQtOLEkEcIj1CdtTTkKiHSTyVMpPNJKD/qh0MUVnKi/JxIUSDkOPN0ZIDWQ814m/ue1Y+VfuAnlUawIx9NFfsygCmGWEOxRQbBiY00QFlTfCvEA6ZCUzrGgQ7DnX14kjXLJrpQqt2fF6tUsjjw4AIfgGNjgHFTBDaiBOsDgETyDV/BmPBkvxrvxMW3NGbOZffAHxucPYlWeaw==</latexit>

1
2n

2n ! 1!

j =0

|j !

<latexit sha1_base64="u4Y/jLMUJ/fjSq7bOrCV2VMXwFc=">AAAB+nicbVDLSgMxFM3UV62vqS7dBIvgopQZkepCpOjGZQX7oO0wZDKZNjSTDElGKbWf4saFIm79Enf+jWk7C209cOFwzr3ce0+QMKq043xbuZXVtfWN/GZha3tnd88u7jeVSCUmDSyYkO0AKcIoJw1NNSPtRBIUB4y0guHN1G89EKmo4Pd6lBAvRn1OI4qRNpJvFy87vlvu4VBoVYYdn1/5dsmpODPAZeJmpAQy1H37qxcKnMaEa8yQUl3XSbQ3RlJTzMik0EsVSRAeoj7pGspRTJQ3np0+gcdGCWEkpCmu4Uz9PTFGsVKjODCdMdIDtehNxf+8bqqjC29MeZJqwvF8UZQyqAWc5gBDKgnWbGQIwpKaWyEeIImwNmkVTAju4svLpHlacauV6t1ZqXadxZEHh+AInAAXnIMauAV10AAYPIJn8ArerCfrxXq3PuatOSubOQB/YH3+AHaqktw=</latexit>

< Z 1, á á á, Zn >
<latexit sha1_base64="f0LffpIN5Y5HFz/Yrk7N+PkuMcc=">AAAB+nicbVDLSsNAFJ3UV62vVJduBovgopREpLoQKbpxWcE+oA1hMpm0QyczYWailNhPceNCEbd+iTv/xmmbhbYeuHA4517uvSdIGFXacb6twsrq2vpGcbO0tb2zu2eX99tKpBKTFhZMyG6AFGGUk5ammpFuIgmKA0Y6wehm6nceiFRU8Hs9TogXowGnEcVIG8m3y5dd3632cSi0qsKuz698u+LUnBngMnFzUgE5mr791Q8FTmPCNWZIqZ7rJNrLkNQUMzIp9VNFEoRHaEB6hnIUE+Vls9Mn8NgoIYyENMU1nKm/JzIUKzWOA9MZIz1Ui95U/M/rpTq68DLKk1QTjueLopRBLeA0BxhSSbBmY0MQltTcCvEQSYS1SatkQnAXX14m7dOaW6/V784qjes8jiI4BEfgBLjgHDTALWiCFsDgETyDV/BmPVkv1rv1MW8tWPnMAfgD6/MHcHaS2A==</latexit>

< X 1, á á á, X n >

Yeah, sure…. But what about entanglement? We do a little bit more algebra!

<latexit sha1_base64="Ep1qxNLDiiE2GM9F0hQ4nfSiGkM="></latexit>

EXTREMELY IMPORTANT: dim C(VS) = 1

<latexit sha1_base64="EPjudy2kaTWd/uf51e5pF3aVVOo="></latexit>

So we know the state up to a global phase from the stabilizers

<latexit sha1_base64="/WIAu4g7M4P6adRZCJwO1WesL2U=">AAAB+nicbVDLSsNAFJ3UV62vVJduBovgqiQi1Y1QdNNlBfvANpbJ5CYdOnkwM1FK7Ke4caGIW7/EnX/jtM1CWw9cOJxzL/fe4yacSWVZ30ZhZXVtfaO4Wdra3tndM8v7bRmngkKLxjwWXZdI4CyClmKKQzcRQEKXQ8cdXU/9zgMIyeLoVo0TcEISRMxnlCgtDcxyA9/hxn3fI0EAAl/i7sCsWFVrBrxM7JxUUI7mwPzqezFNQ4gU5UTKnm0lysmIUIxymJT6qYSE0BEJoKdpREKQTjY7fYKPteJhPxa6IoVn6u+JjIRSjkNXd4ZEDeWiNxX/83qp8i+cjEVJqiCi80V+yrGK8TQH7DEBVPGxJoQKpm/FdEgEoUqnVdIh2IsvL5P2adWuVWs3Z5X6VR5HER2iI3SCbHSO6qiBmqiFKHpEz+gVvRlPxovxbnzMWwtGPnOA/sD4/AHtIJKD</latexit>

HZH   = X

Same number of generators as qubits



Evolution

Example: 
<latexit sha1_base64="jJ2rrGCBos15Qtaewt3Wo4Vn3WQ=">AAAB8HicbVBNS8NAEJ34WetX1aOXYBE8lUSkeix68VjBfkgbymY7aZfubsLuRiixv8KLB0W8+nO8+W/ctjlo64OBx3szzMwLE8608bxvZ2V1bX1js7BV3N7Z3dsvHRw2dZwqig0a81i1Q6KRM4kNwwzHdqKQiJBjKxzdTP3WIyrNYnlvxgkGggwkixglxkoPT15XETng2CuVvYo3g7tM/JyUIUe9V/rq9mOaCpSGcqJ1x/cSE2REGUY5TordVGNC6IgMsGOpJAJ1kM0OnrinVum7UaxsSePO1N8TGRFaj0VoOwUxQ73oTcX/vE5qoqsgYzJJDUo6XxSl3DWxO/3e7TOF1PCxJYQqZm916ZAoQo3NqGhD8BdfXibN84pfrVTvLsq16zyOAhzDCZyBD5dQg1uoQwMoCHiGV3hzlPPivDsf89YVJ585gj9wPn8AuLuQYA==</latexit>

|0!

<latexit sha1_base64="jJ2rrGCBos15Qtaewt3Wo4Vn3WQ=">AAAB8HicbVBNS8NAEJ34WetX1aOXYBE8lUSkeix68VjBfkgbymY7aZfubsLuRiixv8KLB0W8+nO8+W/ctjlo64OBx3szzMwLE8608bxvZ2V1bX1js7BV3N7Z3dsvHRw2dZwqig0a81i1Q6KRM4kNwwzHdqKQiJBjKxzdTP3WIyrNYnlvxgkGggwkixglxkoPT15XETng2CuVvYo3g7tM/JyUIUe9V/rq9mOaCpSGcqJ1x/cSE2REGUY5TordVGNC6IgMsGOpJAJ1kM0OnrinVum7UaxsSePO1N8TGRFaj0VoOwUxQ73oTcX/vE5qoqsgYzJJDUo6XxSl3DWxO/3e7TOF1PCxJYQqZm916ZAoQo3NqGhD8BdfXibN84pfrVTvLsq16zyOAhzDCZyBD5dQg1uoQwMoCHiGV3hzlPPivDsf89YVJ585gj9wPn8AuLuQYA==</latexit>

|0!

<latexit sha1_base64="+vaMlIJP7IG5TTvC1K0eefG2E+w=">AAACI3icbVBdS8MwFE39nPOr6qMvwSEIwmiHTBGEoS8+TnAfsJaRpukWlqY1SYXR9b/44l/xxQdl+OKD/8VsK6KbBwIn59x7k3u8mFGpLOvTWFpeWV1bL2wUN7e2d3bNvf2mjBKBSQNHLBJtD0nCKCcNRRUj7VgQFHqMtLzBzcRvPRIhacTv1TAmboh6nAYUI6Wlrnk5cmJJoSMQ7zECr6DjBwLhdGRZP+IpHNl2fslSRz4IlVayrGuWrLI1BVwkdk5KIEe9a44dP8JJSLjCDEnZsa1YuSkSimI9uegkksQID1CPdDTlKCTSTac7ZvBYKz4MIqEPV3Cq/u5IUSjlMPR0ZYhUX857E/E/r5Oo4MJNKY8TRTiePRQkDKoITgKDPhUEKzbUBGFB9V8h7iOdkdKxFnUI9vzKi6RZKdvVcvXurFS7zuMogENwBE6ADc5BDdyCOmgADJ7AC3gD78az8WqMjY9Z6ZKR9xyAPzC+vgFIAaQb</latexit>

|! ! =
|00! + |11!

"
2

<latexit sha1_base64="3+yvWH2nKv1sSNwEnn14xJuB5n8=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBg5SklOpBpOjFYwX7QdsQNttNu3SzCbsboYT+Cy8eFPHqv/Hmv3Hb5qCtDwYe780wM8+POVPatr+t3Nr6xuZWfruws7u3f1A8PGqpKJGENknEI9nxsaKcCdrUTHPaiSXFoc9p2x/fzfz2E5WKReJRT2LqhngoWMAI1kbqXnc95wJ1vcqNVyzZZXsOtEqcjJQgQ8MrfvUHEUlCKjThWKmeY8faTbHUjHA6LfQTRWNMxnhIe4YKHFLlpvOLp+jMKAMURNKU0Giu/p5IcajUJPRNZ4j1SC17M/E/r5fo4MpNmYgTTQVZLAoSjnSEZu+jAZOUaD4xBBPJzK2IjLDERJuQCiYEZ/nlVdKqlJ1aufZQLdVvszjycAKncA4OXEId7qEBTSAg4Ble4c1S1ov1bn0sWnNWNnMMf2B9/gB/c4+E</latexit>

< Z 1, Z2 >

<latexit sha1_base64="5slyrlHhpZOuFfOqbdb/f+NXZV4=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBg5SklOpBpOjFYwX7QdsQNttNu3SzCbsboYT+Cy8eFPHqv/Hmv3Hb5qCtDwYe780wM8+POVPatr+t3Nr6xuZWfruws7u3f1A8PGqpKJGENknEI9nxsaKcCdrUTHPaiSXFoc9p2x/fzfz2E5WKReJRT2LqhngoWMAI1kbqXnc85wJ1vcqNVyzZZXsOtEqcjJQgQ8MrfvUHEUlCKjThWKmeY8faTbHUjHA6LfQTRWNMxnhIe4YKHFLlpvOLp+jMKAMURNKU0Giu/p5IcajUJPRNZ4j1SC17M/E/r5fo4MpNmYgTTQVZLAoSjnSEZu+jAZOUaD4xBBPJzK2IjLDERJuQCiYEZ/nlVdKqlJ1aufZQLdVvszjycAKncA4OXEId7qEBTSAg4Ble4c1S1ov1bn0sWnNWNnMMf2B9/gB8W4+C</latexit>

< X 1, Z2 >

<latexit sha1_base64="SQjAOfaMgY36sYwHkSSPsAp7xSo=">AAAB+3icbZDLSsNAFIZPvNZ6i3XpZrAILqQkRaoLkaIblxVsG9qGMJlO2qGTCzMTsYS+ihsXirj1Rdz5Nk7bLLT1h4GP/5zDOfP7CWdSWda3sbK6tr6xWdgqbu/s7u2bB6WWjFNBaJPEPBaOjyXlLKJNxRSnTiIoDn1O2/7odlpvP1IhWRw9qHFC3RAPIhYwgpW2PLN05Xg2crzqGepo6HjVa88sWxVrJrQMdg5lyNXwzK9ePyZpSCNFOJaya1uJcjMsFCOcToq9VNIEkxEe0K7GCIdUutns9gk60U4fBbHQL1Jo5v6eyHAo5Tj0dWeI1VAu1qbmf7VuqoJLN2NRkioakfmiIOVIxWgaBOozQYniYw2YCKZvRWSIBSZKx1XUIdiLX16GVrVi1yq1+/Ny/SaPowBHcAynYMMF1OEOGtAEAk/wDK/wZkyMF+Pd+Ji3rhj5zCH8kfH5A12qkhY=</latexit>

< X 1X 2, Z1Z2 >

<latexit sha1_base64="a2w1vaU5/surzNGaLE8YCkavyCU="></latexit>

Let U be the CNOT gate controlled by qubit 0 and target qubit 1. Then
<latexit sha1_base64="8EEOve1hFKDn8RY/CrLxk7GUhPE=">AAACAnicbVDLSsNAFJ34rPUVdSVuBovgqiRFqhuh6MZlBdMG2hgmk0k6dDIJMxOhlOLGX3HjQhG3foU7/8ZpmoW2Hrhw5px7mXtPkDEqlWV9G0vLK6tr65WN6ubW9s6uubffkWkuMHFwylLhBkgSRjlxFFWMuJkgKAkY6QbD66nffSBC0pTfqVFGvATFnEYUI6Ul3zx0oOvb0LnvhyiOiYCXxdv1G75Zs+pWAbhI7JLUQIm2b371wxTnCeEKMyRlz7Yy5Y2RUBQzMqn2c0kyhIcoJj1NOUqI9MbFCRN4opUQRqnQxRUs1N8TY5RIOUoC3ZkgNZDz3lT8z+vlKrrwxpRnuSIczz6KcgZVCqd5wJAKghUbaYKwoHpXiAdIIKx0alUdgj1/8iLpNOp2s968Pau1rso4KuAIHINTYINz0AI3oA0cgMEjeAav4M14Ml6Md+Nj1rpklDMH4A+Mzx+zOJUU</latexit>

UX 1U  = X 1X 2
<latexit sha1_base64="tQBdVe9Qu49Nbd0ZgyaLd6/Ru30=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1gEVyUpUt0IRTcuK5i20MYwmUzSoZNJmJkIJRT8FTcuFHHrd7jzb5y0WWjrgQtnzrmXuff4KaNSWda3UVlZXVvfqG7WtrZ3dvfM/YOuTDKBiYMTloi+jyRhlBNHUcVIPxUExT4jPX98U/i9RyIkTfi9mqTEjVHEaUgxUlryzCMH9r0mdB6GAYoiIuBV8fbMutWwZoDLxC5JHZToeObXMEhwFhOuMENSDmwrVW6OhKKYkWltmEmSIjxGERloylFMpJvP1p/CU60EMEyELq7gTP09kaNYykns684YqZFc9ArxP2+QqfDSzSlPM0U4nn8UZgyqBBZZwIAKghWbaIKwoHpXiEdIIKx0YjUdgr148jLpNht2q9G6O6+3r8s4quAYnIAzYIML0Aa3oAMcgEEOnsEreDOejBfj3fiYt1aMcuYQ/IHx+QN0+5Pl</latexit>

UX 2U  = X 2
<latexit sha1_base64="y1zpkxD5ySc2ykv2ywuJ89WTWL0=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1gEVyURqW6EohuXFUxbbGOYTCbp0MkkzEyEEgr+ihsXirj1O9z5N07aLLT1wIUz59zL3Hv8lFGpLOvbqCwtr6yuVddrG5tb2zvm7l5HJpnAxMEJS0TPR5IwyomjqGKklwqCYp+Rrj+6LvzuIxGSJvxOjVPixijiNKQYKS155oED7z0bOg+DAEUREfCyeHtm3WpYU8BFYpekDkq0PfNrECQ4iwlXmCEp+7aVKjdHQlHMyKQ2yCRJER6hiPQ15Sgm0s2n60/gsVYCGCZCF1dwqv6eyFEs5Tj2dWeM1FDOe4X4n9fPVHjh5pSnmSIczz4KMwZVAossYEAFwYqNNUFYUL0rxEMkEFY6sZoOwZ4/eZF0Tht2s9G8Pau3rso4quAQHIETYINz0AI3oA0cgEEOnsEreDOejBfj3fiYtVaMcmYf/IHx+QN4G5Pn</latexit>

UZ1U  = Z1
<latexit sha1_base64="b2Hnn7L2arDyWrFLlTt/qII7Cy4=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1gEVyUpUt0IRTcuK5i22MYwmUzSoZNJmJkIJRQ3/oobF4q49Svc+TdO2i609cCFM+fcy9x7/JRRqSzr2ygtLa+srpXXKxubW9s75u5eWyaZwMTBCUtE10eSMMqJo6hipJsKgmKfkY4/vCr8zgMRkib8Vo1S4sYo4jSkGCkteeaBA++8OnTu+wGKIiLghX7bheaZVatmTQAXiT0jVTBDyzO/+kGCs5hwhRmSsmdbqXJzJBTFjIwr/UySFOEhikhPU45iIt18csIYHmslgGEidHEFJ+rviRzFUo5iX3fGSA3kvFeI/3m9TIXnbk55minC8fSjMGNQJbDIAwZUEKzYSBOEBdW7QjxAAmGlU6voEOz5kxdJu16zG7XGzWm1eTmLowwOwRE4ATY4A01wDVrAARg8gmfwCt6MJ+PFeDc+pq0lYzazD/7A+PwBviSVGw==</latexit>

UZ2U  = Z1Z2

<latexit sha1_base64="RpC4sccm06N1s6ksqwn+xOuvhhY=">AAACCnicbVDLTgIxFO3gC/GFunRTJSauyIwx6BJ14xITeSRASKdcoKHTmbR3jGTC2o2/4saFxrj1C9z5NxaYhYInbXJyzr23vcePpDDout9OZml5ZXUtu57b2Nza3snv7tVMGGsOVR7KUDd8ZkAKBVUUKKERaWCBL6HuD68nfv0etBGhusNRBO2A9ZXoCc7QSp38YQvhAZNL1aU4EIbaAyqM+wPqA2exgXEnX3CL7hR0kXgpKZAUlU7+q9UNeRyAQi6ZMU3PjbCdMI2CSxjnWnZqxPiQ9aFpqWIBmHYyXWVMj63Spb1Q26uQTtXfHQkLjBkFvq0MGA7MvDcR//OaMfYu2olQUYyg+OyhXiwphnSSC+0KDRzlyBLGtbB/pXzANONo08vZELz5lRdJ7bTolYql27NC+SqNI0sOyBE5IR45J2VyQyqkSjh5JM/klbw5T86L8+58zEozTtqzT/7A+fwBOAyang==</latexit>

And this is enough because
<latexit sha1_base64="GRyFAnUkUlCIAeJ53FItqAyNroo=">AAACHXicbVDLSgMxFM3UV62vUZdugkVwUcqMlOpCpejGZQXbDn0wZDJpG5pJhiQjlKE/4sZfceNCERduxL8xfSxq64HA4Zx7uTkniBlV2nF+rMzK6tr6RnYzt7W9s7tn7x/UlUgkJjUsmJBegBRhlJOappoRL5YERQEjjWBwO/Ybj0QqKviDHsakE6Eep12KkTaSb5faEdJ9jFhaHfkcXsFLz3cLsI1DoVUBej4vwOa80vT5tW/nnaIzAVwm7ozkwQxV3/5qhwInEeEaM6RUy3Vi3UmR1BQzMsq1E0VihAeoR1qGchQR1Ukn6UbwxCgh7AppHtdwos5vpChSahgFZnKcRS16Y/E/r5Xo7kUnpTxONOF4eqibMKgFHFcFQyoJ1mxoCMKSmr9C3EcSYW0KzZkS3MXIy6R+VnTLxfJ9KV+5mdWRBUfgGJwCF5yDCrgDVVADGDyBF/AG3q1n69X6sD6noxlrtnMI/sD6/gVKxZ+M</latexit>

Pn = < X 1, á á á, X n , Z1, á á á, Zn >

<latexit sha1_base64="dfa12l/r87/D93uS51ywGerJGEM=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRC9C0IvHBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDfzW0+oNI/lgxkn6Ed0IHnIGTVWqt/0iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkuZF2auUK/XLUvU2iyMPJ3AK5+DBFVThHmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP5BfjMw=</latexit>=

<latexit sha1_base64="c1ZLZ9dhp7ciTE7dbgBSwSQflT8=">AAACTXicdZHNS8MwGMbT+bE5v6oevQSH4Gm0Q6aXwdCLxwl2m261pGnaBdMPklQYZf+gF8Gb/4UXD4qIWVdQN30h8PB73jcfT9yEUSEN41krLS2vrJYra9X1jc2tbX1ntyvilGNi4ZjFvO8iQRiNiCWpZKSfcIJCl5Gee3c+9Xv3hAsaR1dynBA7REFEfYqRVMjRPQteOw1o3Q49FASEwxak0IJ9xW7+4d/MWuyZDZq50cqV2t7Ra0bdyAsuCrMQNVBUx9Gfhl6M05BEEjMkxMA0EmlniEuKGZlUh6kgCcJ3KCADJSMUEmFneRoTeKiIB/2YqxVJmNOfExkKhRiHruoMkRyJeW8K//IGqfRP7YxGSSpJhGcH+SmDMobTaKFHOcGSjZVAmFN1V4hHiCMs1QdUVQjm/JMXRbdRN5v15uVxrX1WxFEB++AAHAETnIA2uAAdYAEMHsALeAPv2qP2qn1on7PWklbM7IFfVSp/AYGarQo=</latexit>

UY2U  = iUX 2Z2U  = iUX 2U  UZ2U  = iX 2Z1Z2 = Z1Y2



Limitations
It is all about group theory

<latexit sha1_base64="r83VeUm3hRDYdi8ul0jll1HAiJQ="></latexit>

Let G be a group andH a subgroup ofG. The normalizer of H on G is

<latexit sha1_base64="xGjZLrxFk1cEjoPB+DiiN4+kkFA=">AAACEXicbZDLSsNAFIYnXmu9RV26GSxC3ZREpIpQKLpoVlLBtIWmhslk2g6dTMLMRCihr+DGV3HjQhG37tz5Nk4vC239YeDjP+dw5vxBwqhUlvVtLC2vrK6t5zbym1vbO7vm3n5DxqnAxMUxi0UrQJIwyomrqGKklQiCooCRZjC4HtebD0RIGvM7NUxIJ0I9TrsUI6Ut3yze+LWicwIr0MugCz3KYQ1eanKge++FqNcjouJAb+SbBatkTQQXwZ5BAcxU980vL4xxGhGuMENStm0rUZ0MCUUxI6O8l0qSIDxAPdLWyFFEZCebXDSCx9oJYTcW+nEFJ+7viQxFUg6jQHdGSPXlfG1s/ldrp6p70ckoT1JFOJ4u6qYMqhiO44EhFQQrNtSAsKD6rxD3kUBY6RDzOgR7/uRFaJyW7HKpfHtWqF7N4siBQ3AEisAG56AKHFAHLsDgETyDV/BmPBkvxrvxMW1dMmYzB+CPjM8fXT+ZpA==</latexit>

NG (H ) = { U ! G : UHU   = H }

Examples:
<latexit sha1_base64="u5dSRroxpD+nR+GNEtYFRQNE6e4="></latexit>

NU (2 n ) (Pn ) = { U ! U(2n ) : UPn U  = Pn } = < H i , CX (i, j ), Si : 1 " i #= j " n >

<latexit sha1_base64="7Q6VlixB5irM1YFu74u9jxsnJSg=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyURqW6EohuXFfqibSyTySQdOnkwMxFq6Je4caGIWz/FnX/jtM1CWw9cOJxzL/fe4yacSWVZ30ZhbX1jc6u4XdrZ3dsvmweHbRmngtAWiXksui6WlLOIthRTnHYTQXHoctpxx7czv/NIhWRx1FSThDohDiLmM4KVloZmudlrPgw8HARUoGvUG5oVq2rNgVaJnZMK5GgMza+BF5M0pJEiHEvZt61EORkWihFOp6VBKmmCyRgHtK9phEMqnWx++BSdasVDfix0RQrN1d8TGQ6lnISu7gyxGsllbyb+5/VT5V85GYuSVNGILBb5KUcqRrMUkMcEJYpPNMFEMH0rIiMsMFE6q5IOwV5+eZW0z6t2rVq7v6jUb/I4inAMJ3AGNlxCHe6gAS0gkMIzvMKb8WS8GO/Gx6K1YOQzR/AHxucPZhaSSQ==</latexit>

T ZT   = Z
<latexit sha1_base64="9tzpXV1eNDUlVy31RnQoSoxJju8=">AAACDHicbVDLSsNAFJ3UV62vqks3g0UQhJIUqW6EohuXFfqINLFMJpN26GQSZyZCCfkAN/6KGxeKuPUD3Pk3TtsstPXAwOGcc7lzjxczKpVpfhuFpeWV1bXiemljc2t7p7y715FRIjBp44hFwvaQJIxy0lZUMWLHgqDQY6Trja4mfveBCEkj3lLjmLghGnAaUIyUlvrlSstu3Tk+GgyIgBfQ8QOBcGqf3GapI++FSmtZplNm1ZwCLhIrJxWQo9kvfzl+hJOQcIUZkrJnmbFyUyQUxYxkJSeRJEZ4hAakpylHIZFuOj0mg0da8WEQCf24glP190SKQinHoaeTIVJDOe9NxP+8XqKCczelPE4U4Xi2KEgYVBGcNAN9KghWbKwJwoLqv0I8RLoOpfsr6RKs+ZMXSadWterV+s1ppXGZ11EEB+AQHAMLnIEGuAZN0AYYPIJn8ArejCfjxXg3PmbRgpHP7IM/MD5/AEhUmy0=</latexit>

T XT   =
X + Y

!
2

<latexit sha1_base64="oOzYfcTNxRjQVePABaA4AKnFDF0="></latexit>

Let U denote the To! oli gate controlled by qubits 0 and 1 and target qubit 2. Let T =
!

1 0
0 e

i !
4

"

<latexit sha1_base64="y1zpkxD5ySc2ykv2ywuJ89WTWL0=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1gEVyURqW6EohuXFUxbbGOYTCbp0MkkzEyEEgr+ihsXirj1O9z5N07aLLT1wIUz59zL3Hv8lFGpLOvbqCwtr6yuVddrG5tb2zvm7l5HJpnAxMEJS0TPR5IwyomjqGKklwqCYp+Rrj+6LvzuIxGSJvxOjVPixijiNKQYKS155oED7z0bOg+DAEUREfCyeHtm3WpYU8BFYpekDkq0PfNrECQ4iwlXmCEp+7aVKjdHQlHMyKQ2yCRJER6hiPQ15Sgm0s2n60/gsVYCGCZCF1dwqv6eyFEs5Tj2dWeM1FDOe4X4n9fPVHjh5pSnmSIczz4KMwZVAossYEAFwYqNNUFYUL0rxEMkEFY6sZoOwZ4/eZF0Tht2s9G8Pau3rso4quAQHIETYINz0AI3oA0cgEEOnsEreDOejBfj3fiYtVaMcmYf/IHx+QN4G5Pn</latexit>

UZ1U  = Z1
<latexit sha1_base64="C8jH1AmbpJrE8hqQpiyVwHPkyjA=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1gEVyVRqW6EohuXFUxbaGOYTCbp0MkkzEyEEgr+ihsXirj1O9z5N07aLLT1wIUz59zL3Hv8lFGpLOvbqCwtr6yuVddrG5tb2zvm7l5HJpnAxMEJS0TPR5IwyomjqGKklwqCYp+Rrj+6KfzuIxGSJvxejVPixijiNKQYKS155oEDe94ZdB4GAYoiIuBV8fbMutWwpoCLxC5JHZRoe+bXIEhwFhOuMENS9m0rVW6OhKKYkUltkEmSIjxCEelrylFMpJtP15/AY60EMEyELq7gVP09kaNYynHs684YqaGc9wrxP6+fqfDSzSlPM0U4nn0UZgyqBBZZwIAKghUba4KwoHpXiIdIIKx0YjUdgj1/8iLpnDbsZqN5d15vXZdxVMEhOAInwAYXoAVuQRs4AIMcPINX8GY8GS/Gu/Exa60Y5cw++APj8wd4E5Pn</latexit>

UX 3U  = X 3

<latexit sha1_base64="lHnRlE+JDU8QRTZSSk+KJdCeGlY=">AAACDHicbVDNSsNAGNzUv1r/qh69LBahvZSkSPVY9OJJKjRtoYlhs920SzebsLsRSugDePFVvHhQxKsP4M23cdPmoK0DC8PMfOz3jR8zKpVpfhuFtfWNza3idmlnd2//oHx41JVRIjCxccQi0feRJIxyYiuqGOnHgqDQZ6TnT64zv/dAhKQR76hpTNwQjTgNKEZKS1650oEOj5RDObz1UrvauOe1WdUJkRpjxNL2zOM1nTLr5hxwlVg5qYAcba/85QwjnISEK8yQlAPLjJWbIqEoZmRWchJJYoQnaEQGmnIUEumm82Nm8EwrQxhEQj+u4Fz9PZGiUMpp6OtktqVc9jLxP2+QqODSTSmPE0U4XnwUJAyqCGbNwCEVBCs21QRhQfWuEI+RQFjp/kq6BGv55FXSbdStZr15d15pXeV1FMEJOAVVYIEL0AI3oA1sgMEjeAav4M14Ml6Md+NjES0Y+cwx+APj8wcdq5pt</latexit>

T !" NU (2 n ) (Pn )

<latexit sha1_base64="BN9cm9cYKGxIrZ0nyuP3hMUuQZo="></latexit>

UX 2U  = X 2 !
I + Z2 + X 3 " Z2X 3

2

<latexit sha1_base64="06G2rql6a/kVnexoVYE50553bFw=">AAACDHicbVDNSsNAGNz4W+tf1aOXxSK0l5IUqR6LXjxJBdMWmhg22027dLMJuxuhhDyAF1/FiwdFvPoA3nwbN20O2jqwMMzMx37f+DGjUpnmt7Gyura+sVnaKm/v7O7tVw4OuzJKBCY2jlgk+j6ShFFObEUVI/1YEBT6jPT8yVXu9x6IkDTid2oaEzdEI04DipHSklep2tDhkXIohzdeatea97ye1ZwQqTFGLO1kHq/rlNkwZ4DLxCpIFRToeJUvZxjhJCRcYYakHFhmrNwUCUUxI1nZSSSJEZ6gERloylFIpJvOjsngqVaGMIiEflzBmfp7IkWhlNPQ18l8S7no5eJ/3iBRwYWbUh4ninA8/yhIGFQRzJuBQyoIVmyqCcKC6l0hHiOBsNL9lXUJ1uLJy6TbbFitRuv2rNq+LOoogWNwAmrAAuegDa5BB9gAg0fwDF7Bm/FkvBjvxsc8umIUM0fgD4zPHx9Rmm4=</latexit>

U !" NU (2 n ) (Pn )

Clifford group



Measurements
<latexit sha1_base64="5bJ5BgH7/niAEsTCbr1GPZrbVeY="></latexit>

Assume, without loss of generality, that we measure only in the computational basis.

<latexit sha1_base64="RircG8ZoWX23u4hbZfE8Xc78wjc="></latexit>

Let g ! Pn and assume for the moment that it does not have factors" 1, ± i.

<latexit sha1_base64="M4Ie659bCjn9OuxGDiOCDGX/kus="></latexit>

Suppose that the system is in state|! ! with stabilizer group S = < g1, á á á, gn > .

<latexit sha1_base64="KLi42NGne23ySRrjUFxgyUcqEWM=">AAACC3icbVC7SgNBFJ31GeNr1dJmSBCswq5ItAzaWEYwD0hCmJ3cJENmd5aZu9GwpLfxV2wsFLH1B+z8GyePQhMPXDiccy+Xc4JYCoOe9+2srK6tb2xmtrLbO7t7++7BYdWoRHOocCWVrgfMgBQRVFCghHqsgYWBhFowuJ74tSFoI1R0h6MYWiHrRaIrOEMrtd0cbSI8YFoD2mdDoHivaKyMEYGQAgWYwrjt5r2CNwVdJv6c5Mkc5bb71ewonoQQIZfMmIbvxdhKmUbBJYyzzcRAzPiA9aBhacRCMK10mmVMT6zSoV2l7URIp+rvi5SFxozCwG6GDPtm0ZuI/3mNBLuXrVREcYIQ8dmjbiIpKjophnaEBo5yZAnj2mbnlPeZZhxtfVlbgr8YeZlUzwp+sVC8Pc+XruZ1ZMgxyZFT4pMLUiI3pEwqhJNH8kxeyZvz5Lw4787HbHXFmd8ckT9wPn8AAH2bDg==</latexit>

We have two possibilities.
<latexit sha1_base64="troqcJj+wS/byW9+y+vZ4xSQl1o=">AAACCnicbVDLSsNAFJ34rPVVdelmtAguJCQi1Y1QdOOygn1AEspkOm2nnUzCzI1YQtdu/BU3LhRx6xe482+cPhbaeuDC4Zx7ufeeMBFcg+N8WwuLS8srq7m1/PrG5tZ2YWe3puNUUValsYhVIySaCS5ZFTgI1kgUI1EoWD3sX4/8+j1TmsfyDgYJCyLSkbzNKQEjNQsH2Af2AJlr4yH2OiedZi+4dLCP/XasiBC41ywUHdsZA88Td0qKaIpKs/Dlt2KaRkwCFURrz3USCDKigFPBhnk/1SwhtE86zDNUkojpIBu/MsRHRmlhs9uUBDxWf09kJNJ6EIWmMyLQ1bPeSPzP81JoXwQZl0kKTNLJonYqMMR4lAtuccUoiIEhhCpubsW0SxShYNLLmxDc2ZfnSe3Udkt26fasWL6axpFD++gQHSMXnaMyukEVVEUUPaJn9IrerCfrxXq3PiatC9Z0Zg/9gfX5A0h5mMI=</latexit>

1. [g, gj ] = 0 ! j
<latexit sha1_base64="qiBp4CCfZbS0TQ8verq7QU/p/Ek="></latexit>

We get that g ! S becausegj g|! " = ggj |! " = g|! ", which gives that g|! " ! VS is a multiple of |! "
<latexit sha1_base64="CrgyhnnUlj0C4vMAmm+vlyv1SLo="></latexit>

We also know that g2 = I so g|! ! = ±| ! ! .
<latexit sha1_base64="cSEtq/pg9SEvmm0cJcNqgBLU0Do="></latexit>

If g ! S, the measurement ofg gives +1 with probability 1
<latexit sha1_base64="Awd108L7ygOo12v4/Pp6377Q9qw=">AAACH3icbVBNSwMxEM36bf2qevQSLIKnsitSPYpePCpYFdpSZrPTNphNlmRWLEv/iRf/ihcPiog3/43Z2oNfDwKP92YmMy/OlHQUhh/B1PTM7Nz8wmJlaXllda26vnHpTG4FNoVRxl7H4FBJjU2SpPA6swhprPAqvjkp/atbtE4afUHDDDsp9LXsSQHkpW61wduEd1SATjgNkKcILreYoiaeGHRcG+JiALqPY98RENZH3WotrIdj8L8kmpAam+CsW31vJ0bk5VyhwLlWFGbUKcCSFApHlXbuMANxA31seaohRdcpxveN+I5XEt4z1j+/11j93lFA6twwjX1lCjRwv71S/M9r5dQ77BRSZzmhFl8f9XLFyfAyLJ5Ii4LU0BMQVvpdyywsCPKRVnwI0e+T/5LLvXrUqDfO92tHx5M4FtgW22a7LGIH7IidsjPWZILds0f2zF6Ch+ApeA3evkqngknPJvuB4OMTAbei9w==</latexit>

and the measurement does not change the state.
<latexit sha1_base64="6zMa2fJ69A3rnBYpQaOYUNNr0IY=">AAACDHicbVDLSsNAFJ34rPVVdelmsAhCaUmKVDdC0Y3uKtgHtKFMJpN06GQSZiZCCfkAN/6KGxeKuPUD3Pk3TtMI2npg4Nxz7uXOPU7EqFSm+WUsLa+srq0XNoqbW9s7u6W9/Y4MY4FJG4csFD0HScIoJ21FFSO9SBAUOIx0nfHV1O/eEyFpyO/UJCJ2gHxOPYqR0tKwVPbhBazAgesJhJObip8m9bT6U1azUneZNTMDXCRWTsogR2tY+hy4IY4DwhVmSMq+ZUbKTpBQFDOSFgexJBHCY+STvqYcBUTaSXZMCo+14kIvFPpxBTP190SCAikngaM7A6RGct6biv95/Vh553ZCeRQrwvFskRczqEI4TQa6VBCs2EQThAXVf4V4hHQOSudX1CFY8ycvkk69ZjVqjdvTcvMyj6MADsEROAEWOANNcA1aoA0weABP4AW8Go/Gs/FmvM9al4x85gD8gfHxDaC9miQ=</latexit>

g = +
I + g

2
!

I ! g
2

Trick:
<latexit sha1_base64="KtWpR5H/FYFiaQT+tJNqTIvMDS4="></latexit>

If ! g " S, then ! g|! #= |! # and the measurement of ! g gives +1 with probability 1
<latexit sha1_base64="sSoBzI6fYZCWSrOcrb6GhM7iNZw="></latexit>

Therefore, measuringg does NOT change the state and it leaves the same stabilizers.

<latexit sha1_base64="RAeIe8wthO2IdMZzLOrFHbD/jR8=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaLUDclEaluhGI3LivaB7QhTCaTduhkEmYmQgnZ+CtuXCji1s9w5984abPQ1gMXDufcy733eDGjUlnWt1FaWV1b3yhvVra2d3b3zP2DrowSgUkHRywSfQ9JwignHUUVI/1YEBR6jPS8SSv3e49ESBrxBzWNiROiEacBxUhpyTWPfBq66TBEaux5aSvLal33/uzads2qVbdmgMvELkgVFGi75tfQj3ASEq4wQ1IObCtWToqEopiRrDJMJIkRnqARGWjKUUikk84eyOCpVnwYREIXV3Cm/p5IUSjlNPR0Z36pXPRy8T9vkKjgykkpjxNFOJ4vChIGVQTzNKBPBcGKTTVBWFB9K8RjJBBWOrOKDsFefHmZdM/rdqPeuLuoNm+KOMrgGJyAGrDBJWiCW9AGHYBBBp7BK3gznowX4934mLeWjGLmEPyB8fkD7HWV+Q==</latexit>

dim C(VS) = 1



Measurements
<latexit sha1_base64="iDfvRKUxwucdM3iXcytZSZ7aaQY=">AAACHXicbVBNS8NAFNz4bf2qevSyWAQPEhIR9SKIXjwqWFtoStlsX+rqZjfsvogl5I948a948aCIBy/ivzFtc1DrnIaZ93jzJkyksOh5X87E5NT0zOzcfGVhcWl5pbq6dmV1ajjUuZbaNENmQQoFdRQooZkYYHEooRHeng78xh0YK7S6xH4C7Zj1lIgEZ1hIneoeDRDuMdt1aU6DrLfT69wE+ZFHg9KItKEMqQRmkWoFNL9xO9Wa53pD0HHil6RGSpx3qh9BV/M0BoVcMmtbvpdgO2MGBZeQV4LUQsL4LetBq6CKxWDb2fC7nG4VSpcOckRaIR2qPzcyFlvbj8NiMmZ4bf96A/E/r5VidNjOhEpSBMVHh6JUUtR0UBXtCgMcZb8gjBtRZKX8mhnGsSi0UpTg/315nFztuv6+u3+xVzs+KeuYIxtkk2wTnxyQY3JGzkmdcPJAnsgLeXUenWfnzXkfjU445c46+QXn8xsd3aC7</latexit>

2. { g, gj } = 0 for at least one j.
<latexit sha1_base64="UF1wXVYB1GnCR+o1vG2GiQgP/Qk="></latexit>

P|! ! (± 1) = T r
!

I ± g
2

|! !" ! |
"

= T r
!

I ± g
2

gj |! !" ! |
"

= T r
!

gj
I # g

2
|! !" ! |

"

= T r
!

I # g
2

|! !" ! |gj

"

= T r
!

I # g
2

|! !" ! |
"

=
1
2

<latexit sha1_base64="7aKa2FoWLYh1i5y7QLodlOUmTQ4="></latexit>

whose stabilizer group is < g1, á á á, gj ! 1, g, gj +1 , á á á, gn >

<latexit sha1_base64="FG8vEKGdZW/q7tQNAI3IwURnvpU="></latexit>

whose stabilizer group is < g1, á á á, gj ! 1, ! g, gj +1 á á á, gn >

<latexit sha1_base64="S24ASQPnydDPkgExgauWNmwDmKI=">AAAB73icbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx4xyiOBDZkdBhiZnV1nek3Ihp/w4kFjvPo73vwbB9iDgpV0UqnqTndXEEth0HW/ndzK6tr6Rn6zsLW9s7tX3D9omCjRjNdZJCPdCqjhUiheR4GSt2LNaRhI3gxG11O/+cS1EZG6x3HM/ZAOlOgLRtFKrUH3oSMUuesWS27ZnYEsEy8jJchQ6xa/Or2IJSFXyCQ1pu25Mfop1SiY5JNCJzE8pmxEB7xtqaIhN346u3dCTqzSI/1I21JIZurviZSGxozDwHaGFIdm0ZuK/3ntBPuXfipUnCBXbL6on0iCEZk+T3pCc4ZybAllWthbCRtSTRnaiAo2BG/x5WXSOCt7lXLl9rxUvcriyMMRHMMpeHABVbiBGtSBgYRneIU359F5cd6dj3lrzslmDuEPnM8fjbiPqw==</latexit>

gj ! S

<latexit sha1_base64="KmXp551rzII3UNRp5hXXvb8JGdU=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBg5REpHoRil48VrAfkISy2W7StZtN2J0IJfRnePGgiFd/jTf/jds2B219MPB4b4aZeUEquAbb/rZKK6tr6xvlzcrW9s7uXnX/oKOTTFHWpolIVC8gmgkuWRs4CNZLFSNxIFg3GN1O/e4TU5on8gHGKfNjEkkeckrASK6XR2dR/9GbXNv9as2u2zPgZeIUpIYKtPrVL2+Q0CxmEqggWruOnYKfEwWcCjapeJlmKaEjEjHXUElipv18dvIEnxhlgMNEmZKAZ+rviZzEWo/jwHTGBIZ60ZuK/3luBuGVn3OZZsAknS8KM4EhwdP/8YArRkGMDSFUcXMrpkOiCAWTUsWE4Cy+vEw653WnUW/cX9SaN0UcZXSEjtEpctAlaqI71EJtRFGCntErerPAerHerY95a8kqZg7RH1ifP5mlkNM=</latexit>

{ g, gj } = 0

Trace is cyclic
<latexit sha1_base64="aZOkMMGUzc7yj6a5paGM7SqGuXg=">AAACAHicbVC7TsMwFL0pr1JeAQYGFosKialKECosSBUsjEXQh9SEyHHd1NRxIttBqqIu/AoLAwix8hls/A3uY4DCka50fM698r0nTDlT2nG+rMLC4tLySnG1tLa+sbllb+80VZJJQhsk4Ylsh1hRzgRtaKY5baeS4jjktBUOLsd+64FKxRJxq4cp9WMcCdZjBGsjBfZeFNzfeV0cRVSic2ReyGMC3QR22ak4E6C/xJ2RMsxQD+xPr5uQLKZCE46V6rhOqv0cS80Ip6OSlymaYjLAEe0YKnBMlZ9PDhihQ6N0US+RpoRGE/XnRI5jpYZxaDpjrPtq3huL/3mdTPfO/JyJNNNUkOlHvYwjnaBxGqjLJCWaDw3BRDKzKyJ9LDHRJrOSCcGdP/kvaR5X3Gqlen1Srl3M4ijCPhzAEbhwCjW4gjo0gMAInuAFXq1H69l6s96nrQVrNrMLv2B9fAP/KJVj</latexit>

g 
j = gj ! S

<latexit sha1_base64="AV3XSoxzhgaOkGczaQviE+r9XLA="></latexit>

If we measure +1, the state changes to|! + ! " P+ |! !

<latexit sha1_base64="Bh4d52XrTQie1O/iv9eIt6eD5/A="></latexit>

If we measure -1, the state changes to|! ! ! " P ! |! !



Measurements
Example:

<latexit sha1_base64="jJ2rrGCBos15Qtaewt3Wo4Vn3WQ=">AAAB8HicbVBNS8NAEJ34WetX1aOXYBE8lUSkeix68VjBfkgbymY7aZfubsLuRiixv8KLB0W8+nO8+W/ctjlo64OBx3szzMwLE8608bxvZ2V1bX1js7BV3N7Z3dsvHRw2dZwqig0a81i1Q6KRM4kNwwzHdqKQiJBjKxzdTP3WIyrNYnlvxgkGggwkixglxkoPT15XETng2CuVvYo3g7tM/JyUIUe9V/rq9mOaCpSGcqJ1x/cSE2REGUY5TordVGNC6IgMsGOpJAJ1kM0OnrinVum7UaxsSePO1N8TGRFaj0VoOwUxQ73oTcX/vE5qoqsgYzJJDUo6XxSl3DWxO/3e7TOF1PCxJYQqZm916ZAoQo3NqGhD8BdfXibN84pfrVTvLsq16zyOAhzDCZyBD5dQg1uoQwMoCHiGV3hzlPPivDsf89YVJ585gj9wPn8AuLuQYA==</latexit>

|0!

<latexit sha1_base64="jJ2rrGCBos15Qtaewt3Wo4Vn3WQ=">AAAB8HicbVBNS8NAEJ34WetX1aOXYBE8lUSkeix68VjBfkgbymY7aZfubsLuRiixv8KLB0W8+nO8+W/ctjlo64OBx3szzMwLE8608bxvZ2V1bX1js7BV3N7Z3dsvHRw2dZwqig0a81i1Q6KRM4kNwwzHdqKQiJBjKxzdTP3WIyrNYnlvxgkGggwkixglxkoPT15XETng2CuVvYo3g7tM/JyUIUe9V/rq9mOaCpSGcqJ1x/cSE2REGUY5TordVGNC6IgMsGOpJAJ1kM0OnrinVum7UaxsSePO1N8TGRFaj0VoOwUxQ73oTcX/vE5qoqsgYzJJDUo6XxSl3DWxO/3e7TOF1PCxJYQqZm916ZAoQo3NqGhD8BdfXibN84pfrVTvLsq16zyOAhzDCZyBD5dQg1uoQwMoCHiGV3hzlPPivDsf89YVJ585gj9wPn8AuLuQYA==</latexit>

|0!

<latexit sha1_base64="+vaMlIJP7IG5TTvC1K0eefG2E+w=">AAACI3icbVBdS8MwFE39nPOr6qMvwSEIwmiHTBGEoS8+TnAfsJaRpukWlqY1SYXR9b/44l/xxQdl+OKD/8VsK6KbBwIn59x7k3u8mFGpLOvTWFpeWV1bL2wUN7e2d3bNvf2mjBKBSQNHLBJtD0nCKCcNRRUj7VgQFHqMtLzBzcRvPRIhacTv1TAmboh6nAYUI6Wlrnk5cmJJoSMQ7zECr6DjBwLhdGRZP+IpHNl2fslSRz4IlVayrGuWrLI1BVwkdk5KIEe9a44dP8JJSLjCDEnZsa1YuSkSimI9uegkksQID1CPdDTlKCTSTac7ZvBYKz4MIqEPV3Cq/u5IUSjlMPR0ZYhUX857E/E/r5Oo4MJNKY8TRTiePRQkDKoITgKDPhUEKzbUBGFB9V8h7iOdkdKxFnUI9vzKi6RZKdvVcvXurFS7zuMogENwBE6ADc5BDdyCOmgADJ7AC3gD78az8WqMjY9Z6ZKR9xyAPzC+vgFIAaQb</latexit>

|! ! =
|00! + |11!

"
2

<latexit sha1_base64="SQjAOfaMgY36sYwHkSSPsAp7xSo=">AAAB+3icbZDLSsNAFIZPvNZ6i3XpZrAILqQkRaoLkaIblxVsG9qGMJlO2qGTCzMTsYS+ihsXirj1Rdz5Nk7bLLT1h4GP/5zDOfP7CWdSWda3sbK6tr6xWdgqbu/s7u2bB6WWjFNBaJPEPBaOjyXlLKJNxRSnTiIoDn1O2/7odlpvP1IhWRw9qHFC3RAPIhYwgpW2PLN05Xg2crzqGepo6HjVa88sWxVrJrQMdg5lyNXwzK9ePyZpSCNFOJaya1uJcjMsFCOcToq9VNIEkxEe0K7GCIdUutns9gk60U4fBbHQL1Jo5v6eyHAo5Tj0dWeI1VAu1qbmf7VuqoJLN2NRkioakfmiIOVIxWgaBOozQYniYw2YCKZvRWSIBSZKx1XUIdiLX16GVrVi1yq1+/Ny/SaPowBHcAynYMMF1OEOGtAEAk/wDK/wZkyMF+Pd+Ji3rhj5zCH8kfH5A12qkhY=</latexit>

< X 1X 2, Z1Z2 >

<latexit sha1_base64="jxLxi9YtK/69ThxxhXlntKYEY/g=">AAACAnicbVDJSgNBEO1xjXEb9SReGoPgKcwEieIp6MWLEMEsmAyhp1NJmvQsdNeIYQhe/BUvHhTx6ld482/sLAdNfFDweK+Kqnp+LIVGx/m2FhaXlldWM2vZ9Y3NrW17Z7eqo0RxqPBIRqruMw1ShFBBgRLqsQIW+BJqfv9y5NfuQWkRhbc4iMELWDcUHcEZGqll7zcRHjCl18B0ooAO6V3LNVU4b9k5J++MQeeJOyU5MkW5ZX812xFPAgiRS6Z1w3Vi9FKmUHAJw2wz0RAz3mddaBgasgC0l45fGNIjo7RpJ1KmQqRj9fdEygKtB4FvOgOGPT3rjcT/vEaCnTMvFWGcIIR8sqiTSIoRHeVB20IBRzkwhHElzK2U95hiHE1qWROCO/vyPKkW8m4xX7w5yZUupnFkyAE5JMfEJaekRK5ImVQIJ4/kmbySN+vJerHerY9J64I1ndkjf2B9/gBuFpYq</latexit>

MeasureZ1Z2 :

<latexit sha1_base64="VYi8Q5tP+HkDKJmiwqqjorSBIPM=">AAAB/nicbVDJSgNBEO2JW4zbqHjy0hgET2FGJIqnoBcvQgSzYDIMPZ1K0qRnobtGDEPAX/HiQRGvfoc3/8bOctDog4LHe1VU1QsSKTQ6zpeVW1hcWl7JrxbW1jc2t+ztnbqOU8WhxmMZq2bANEgRQQ0FSmgmClgYSGgEg8ux37gHpUUc3eIwAS9kvUh0BWdoJN/eayM8YEavgelUAR3RO9899+2iU3ImoH+JOyNFMkPVtz/bnZinIUTIJdO65ToJehlTKLiEUaGdakgYH7AetAyNWAjayybnj+ihUTq0GytTEdKJ+nMiY6HWwzAwnSHDvp73xuJ/XivF7pmXiShJESI+XdRNJcWYjrOgHaGAoxwawrgS5lbK+0wxjiaxggnBnX/5L6kfl9xyqXxzUqxczOLIk31yQI6IS05JhVyRKqkRTjLyRF7Iq/VoPVtv1vu0NWfNZnbJL1gf3yVClPc=</latexit>

MeasureZ1 :

<latexit sha1_base64="y7ukZImOQQgTanpx/qC3CRFrmGg="></latexit>

Gives +1 with probability 1 and the state and stabilizers remain the same.

<latexit sha1_base64="iwQT73+t60uPowzed+jN9xMjkgk="></latexit>

Gives ± 1 with probability 1/2 each. If the measurement gives +1, the state changes to
<latexit sha1_base64="OYMucFAvr0gsjn8g1A0WToSYzkY=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEIglASkeqx6MVjBfsBTSyb7aZdutmE3Y1QY3+JFw+KePWnePPfuG1z0NYHA4/3ZpiZFyScKe0431ZhZXVtfaO4Wdra3tkt23v7LRWnktAmiXksOwFWlDNBm5ppTjuJpDgKOG0Ho+up336gUrFY3OlxQv0IDwQLGcHaSD27/OQlit2fIk9iMeC0Z1ecqjMDWiZuTiqQo9Gzv7x+TNKICk04VqrrOon2Myw1I5xOSl6qaILJCA9o11CBI6r8bHb4BB0bpY/CWJoSGs3U3xMZjpQaR4HpjLAeqkVvKv7ndVMdXvoZE0mqqSDzRWHKkY7RNAXUZ5ISzceGYCKZuRWRIZaYaJNVyYTgLr68TFpnVbdWrd2eV+pXeRxFOIQjOAEXLqAON9CAJhBI4Rle4c16tF6sd+tj3lqw8pkD+APr8wdiqpLu</latexit>

|! + !
<latexit sha1_base64="uZI/2f8K43H4/GiISN5w5Mr0aw8=">AAACInicbVDLSgMxFM3Ud31VXboJFsGFlBkRHyAiunFZwdbSB0MmvW2DmcyQ3BHr0G9x46+4caGoK8GPMdN24etAwuGce0nOCWIpDLruh5ObmJyanpmdy88vLC4tF1ZWqyZKNIcKj2SkawEzIIWCCgqUUIs1sDCQcBVcn2X+1Q1oIyJ1if0YWiHrKtERnKGV/MJhE+EWU6baFHtADbJASHEHmnZ1lMSU95jqgqEY0QE9qvveNrVX3d859gtFt+QOQf8Sb0yKZIyyX3hrtiOehKCQS2ZMw3NjbKVMo+ASBvlmYiBm/Jp1oWGpYiGYVjqMOKCbVmnTTqTtUUiH6veNlIXG9MPAToYMe+a3l4n/eY0EOwetVKg4QVB89FAnkVngrC/aFho4yr4ljGth/5p1ohlH22reluD9jvyXVHdK3l5p72K3eHI6rmOWrJMNskU8sk9OyDkpkwrh5J48kmfy4jw4T86r8z4azTnjnTXyA87nF5xmowQ=</latexit>

and the stabilizer group changes to < Z 1, Z1Z2 >
<latexit sha1_base64="BL3XqhKlgM1yWvh+VqhxcJN6280=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBg5SkSPWgUvTisYL9oG0Im+2mXbrZhN2NUEL/hRcPinj133jz37htc9DWBwOP92aYmefHnClt299WbmV1bX0jv1nY2t7Z3SvuHzRVlEhCGyTikWz7WFHOBG1opjltx5Li0Oe05Y/upn7riUrFIvGoxzF1QzwQLGAEayN1rq86nnPW8So3XrFkl+0Z0DJxMlKCDHWv+NXrRyQJqdCEY6W6jh1rN8VSM8LppNBLFI0xGeEB7RoqcEiVm84unqATo/RREElTQqOZ+nsixaFS49A3nSHWQ7XoTcX/vG6ig0s3ZSJONBVkvihIONIRmr6P+kxSovnYEEwkM7ciMsQSE21CKpgQnMWXl0mzUnaq5erDeal2m8WRhyM4hlNw4AJqcA91aAABAc/wCm+Wsl6sd+tj3pqzsplD+APr8weruo+h</latexit>

= < Z 1, Z2 >
<latexit sha1_base64="ifWpGoKcKp/XQcdhZYzc0C/2MbU="></latexit>

If the measurement gives! 1, the state changes to|! ! " and the stabilizer group changes to
<latexit sha1_base64="HNG8URcTM9jXxjeIo28TuNpNBOM=">AAACBnicbVDLSgMxFM34rPU16lKEYBFc2DJTpLpQKbpxWcE+aDsMmTTThmYyQ5IRytCVG3/FjQtF3PoN7vwbM+0stPVAwsk593JzjxcxKpVlfRsLi0vLK6u5tfz6xubWtrmz25BhLDCp45CFouUhSRjlpK6oYqQVCYICj5GmN7xJ/eYDEZKG/F6NIuIEqM+pTzFSWnLNg4ti27VPoL7abvkKXsJMKKZP1yxYJWsCOE/sjBRAhpprfnV7IY4DwhVmSMqObUXKSZBQFDMyzndjSSKEh6hPOppyFBDpJJM1xvBIKz3oh0IfruBE/d2RoEDKUeDpygCpgZz1UvE/rxMr/9xJKI9iRTieDvJjBlUI00xgjwqCFRtpgrCg+q8QD5BAWOnk8joEe3bledIol+xKqXJ3WqheZ3HkwD44BMfABmegCm5BDdQBBo/gGbyCN+PJeDHejY9p6YKR9eyBPzA+fwDyBZT8</latexit>

< ! Z1, Z1Z2 > = < ! Z1, ! Z2 >



Gottesman-Knill Theorem
<latexit sha1_base64="IaAUbkYAFtgoyIcL/X6R2CA83hs="></latexit>

Theorem: Assume a quantum computation is performed that uses only
<latexit sha1_base64="x6es4eLi5GboNR2Nn3pu5dr+/mk=">AAACI3icbVBNS8NAFNz4bf2KevSyWAQvhkSkiifRi8eK1gptKJvtq13cbMLui1hC/4sX/4oXD0rx4sH/4jbmoNaBhWHmPWbfRKkUBn3/w5manpmdm19YrCwtr6yuuesb1ybJNIcGT2SibyJmQAoFDRQo4SbVwOJIQjO6Oxv7zXvQRiTqCgcphDG7VaInOEMrddzjNsID5jTw9uglMgRq11OmC5sKRbEPlCdxmmEhMUltnDAeHXbcqu/5BegkCUpSJSXqHXfU7iY8i0Ehl8yYVuCnGOZMo+AShpV2Zmw0v2O30LJUsRhMmBc3DumOVbq0l2j7FNJC/bmRs9iYQRzZyZhh3/z1xuJ/XivD3lGYC2UvBMW/g3qZpJjQcWG0KzRwlANLGNfC/pXyvi2Io621YksI/p48Sa73vaDm1S4OqienZR0LZItsk10SkENyQs5JnTQIJ4/kmbySN+fJeXFGzvv36JRT7mySX3A+vwBReqQd</latexit>

1.- State preparation in the computational basis.
<latexit sha1_base64="A0OdEM1+ytE7yBHk075R1Ros6x0="></latexit>

2.- H j , Sj , CX (i, j ), P ! Pn " 0 # i $= j # n %1
<latexit sha1_base64="WZCqDmkasq3mpoxTrkmR27oYwlQ=">AAACHHicbVDLSsNAFJ34tr6qLt0MFsGNIVFRl6IbN0IFW4WmlJvpTTs4mYSZiVhCP8SNv+LGhSJuXAj+jZO2C209MHA49zHnnjAVXBvP+3ampmdm5+YXFktLyyura+X1jbpOMsWwxhKRqNsQNAousWa4EXibKoQ4FHgT3p0X9Zt7VJon8tr0UmzG0JE84gyMlVrlg8Dgg8npgbtHLxF0pjBGaWgSUZA92qfVgMsgBtNlIPJqvyVd2ipXPNcbgE4Sf0QqZIRqq/wZtBOWFYuZAK0bvpeaZg7KcCawXwoyjSmwO+hgw1IJMepmPjiuT3es0qZRouyzxgbq74kcYq17cWg7C5t6vFaI/9UamYlOmjmXaWZQsuFHUSaoSWiRFG1zhcyIniXAFLdeKeuCAmZsniUbgj9+8iSp77v+kXt0dVg5PRvFsUC2yDbZJT45JqfkglRJjTDySJ7JK3lznpwX5935GLZOOaOZTfIHztcPM/ug2g==</latexit>

3.- Measurement of anyP ! Pn .
<latexit sha1_base64="6DimGNFcoavmcZOGTqvC1IJW9UY="></latexit>

4.- Classical control conditioned on the results of these measurements.
<latexit sha1_base64="BXLJuqCpG32HGyIaA73I7+FNB6c="></latexit>

Such a quantum computation is e! ciently simulable on a classical computer.

https://github.com/MarcoArmenta/info_quantique_theorique

Implementations
Proof: Follow the stabilizers.

https://github.com/MarcoArmenta/info_quantique_theorique

