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Groups

A group is a (non-empty) set G together with a function x: G x G — G such that
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ax(bxc)=(axb)*xc

Jde € G such that exa =a*xe = a
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Z=1{.,-2,—1,0,1,2,...} with addition.

GLc(n) = {n x n invertible matrices} with matrix product.
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®---® P, : P; € P} with matrix product.



roups

Let G be a group. A non-empty subset S C G is a subgroup if

1. zeS=z21tebs.
2. r,yeS=axyebs.

Let G be a group and fix a € G. The subgroup of G generated by a is < a >={a" :n € Z}

Let S C G. A word on S is an element w € GG of the form

€n

I 61 e o o
W = T X,

such that x; € S, e; € {+1,—1}, n>1

Theorem: Let S C G. If S is empty, then < S >= {e}. If S is not empty, then < S >= {words on S}



Groups

A group action G ~ X of a group G on a non-empty set X is a function G x X — X
denoted by (g, ) — ¢ - x such that

l. ecx=xVre X

2. g-(h-x)=(gh) -z Ve X and Vg,h € G
Example:

P, ~NH"
Let G ~ X and iix x € X. The stabilizer of 2 is defined as

G, = Stab(zx) ={geG:g9-x ==z}

Example:

00 11
Consider the Bell pair |[¢) = 00) 4 [11)

V2

. We have that X1Xo, 414> € (7)2)|¢>



Stabilizers

Let S be a subgroup of P,, with an action S ~ H". We denote the sub vector space stabilized by S by

|4 VP € S} Stab(|! 1) = {P " Py :[P|1 1= |1 1)

Vs = {[v) € 1" :|P|y))

Note that Stab(Vs) =S and Vg C H" is a sub vector space.

Example
Consider the action Ps ~ H°, and take the subgroup S =< ZlZg, Z2Z3 >= {1,145, 7573, 7143}

Vz, 2z, = span{|000),]001),[110), |111)}

V2,7, = span{|000),|011),]100), |111)} j Vs = span{| 000, |111'}
V2123 — SpCLTL{‘OO(»7 ‘010>, |101>, ‘111>}



Stabilizers

Consider the subgroupH = {£ |, £ X} ! P;. We have that

Iprt=pt # (Pt=0# Vg = {0

We want subgroupsS ! P, such that Vs = {0}
Proposition:! | "#S $ =il "#S

Any two elements of the Pauli group M,N | P, either commute

Assume for the moment that MN = ! NM and Vs = {O}'nd take |! # $ Vs such that |! #= 0

Ti=MNJII="NK[II="]"!

Therefore, if we want Vs £ {0} we must have that

1. ! | "#S
2. MN = NM I'M,N " S (S is commuytative/Abelian)




Stabilizers

Therefore, If we want Vs £ {0} we must have that

1. ' | "#S
2. MN = NM I'M/N " S (S Is commutative/Abelian)

Proposition: Let S=<gji,aaagx > be a subgroup ofP,. Then
Sisabellan! ¢ O — G0 "1, ]

if | " 2 =
Moreover, If 1 1 "#5 then ._ I Sg# S The whole reason for efficient simulation

r : P, | 75" ithat assigns to an element of the Pauli group itsZX *

<Z1Z29,2223>= {|,212,,2523,2123}
0 00000
(Z.2,) i
r(Z223)
r(Z12Z3)

For simulation, use 2 bits to save the coefficient

factors



Stabilizers

In

o - Let g,g! P,, then
n

» Symplectic form

!n’i“!n}

We say that the generatorsg;, aaagx of a subgroupS =<g;,aaag, > of P, are independen

if the vectors r(g:), aaar(gk) are linearly independent

Proposition: If ! | "#S =< g1,aaagg > and the generators are independent, then for any

the subgroup <g;,4aag,aaagc > Iis strictly smaller than S.



Stabilizers

Theorem: LetS=<gji,4aaag, x > be an abelian subgroup ofP, with an(

1] . — k
' | "#S. Then dimcVs =2 X1X2Z1Z> = Z1Z>X 1 X

Example:

|00, + |11 —

P = > Py ! H3 S = Stab(|! 1) = <X 1X2,Z1Z5 3

o N o 4 (0,0,1,1)

T (1,1,0,0)
! dim C(VS) =1

We know the state up to a global phase



Evolution

Let S=<g1,4aagn « > be an abelian subgroup of the Pauli groupP, with independent generator:

such that ! | "#S and let|! $#Vs! 0. Let U be a unitary on n-qubits. Let g! S. Then

Ufi! = Ug|l! = UguUUu|l! Ull = Ugu Ul !
This means that the state U|! ! Is stabilized by UgU
I U Ul'!
Y UgUuU Just like density matrices!
Proposition: The vector spaceUVs = {U|l 1 . [t I'" Vs} Is $tabilized by the groupUSU = {UgU :g" S}

In this case,USU =<Ug;U :j|=1,aaan!|k>

<(gi,aaagn g > » <Ug.U ,aaadlUg, (U >



ke

Evolution

1 a.”! 1
Example: o’ " nE 1 i
j =0
| = X
<£1,88850 > » <X i,888Xy > 4

EXTREMELY IMPORTANT:  dimc(Vs) =1  Same number of generators as qubits

So we know the state up to a global phase from the stabilize

Yeah, sure.... But what about entanglement? We do a little bit more algebral



Evolution

Let U be the CNOT gate controlled by qubit O and target qubit 1. Then

UXiU =
UX,oU
UzZ,U
UZ,U

Example:

X1X>o
X2
A
12>

And this is enough becaus P, =<X i,4aaX,,Z;,aaaz, >

UY2U = IUX ZZZU

00! + |11

2

iuxX,uU Uuz,U

IX 22122 — Zle

[ - 6%



Limitations

It is all about group theory

Let G be a group andH a subgroup of G. The normalizer of H on G Is

Examples:

NU(Zn)(Pn) = U/ U(Zn):UPnU = Pn} = <H;,CX(,)),S:1" 1#]" n>

Let U denote the Tol oli gate controlled by qubits O and 1 and target qubit 2. Let T =

Uz;U
UX3U

Ng(H)= {U! G:UHU

:Z1

_ X, UX.U = Xo!

U™ Nye@ny(Pn)

| + Zo+ X3 "

LoX3

2

H }

TZT =L
+
TXT = X! _Y

2
T " Ny@ny(Pn)

Clifford group

1
0 e

U



—
Measurements

Assume, without loss of generality, that we measure only in the computational basi
Let g! P, and assume for the moment that it does not have factors" 1, 1.
Suppose that the system is in statel! ! with stabilizer group S =<gi,aaag, >.

We have two possiblilities
1. l9.g]=01}

We get that g! S becauseg@|! )= gg ! " = (gl ), which gives that g|! "! Vs is a multiple of |! *

We also know that g = | sog|! ! = %! ! Ifig IS, the measurement ofg gives +1 with probability 1
- l+g. I! g

and the measurement does not change the sta  Trick: g=+ 5 | 5

If i' B ﬂSj then ! g|! #= [|! #and the measurement of! g gives +1 with probability 1

Therefore, measuringg does NOT change the state and it leaves the same stabilize



Measurements

2.19,9} =0 for at least one |.

P i(£1)

If we measure +1, the state changes tq! ™!

whose stabilizer group Is< gi,aaag; 1Og s1,aaag, >

If we measure -1, the state changes t¢! * !
whose stabllizer group Is<gi,aaag 14’ '

g+1 é‘é-é-gn >



Measurements

< X 1X9,212Z5 >

[o} 2

e 0 WY

MeasureZiZ,
Gives +1 with probability 1 and the state and stabilizers remain the same

Measure/Zq .
Gives+ 1 with probability 1/2 each. If the measurement gives +1, the state changes t |! ™!
and the stabilizer group changes to<Z 1,212, > =<7Z,,4Z5 >

If the measurement gives! 1, the state changes to|! * " and the stabilizer group changes ti

< |V Z1,21Z,>=< 1 /24,1 Z5 >



P—
Gottesman-Knill Theorem

Theorem: Assume a guantum computation Is performed that uses on

1.- State preparation in the computational basis
2-H;,5,CX(,]),P! P, "0#1% ] # n%l
3.- Measurement of anyP ! P,.

4.- Classical control conditioned on the results of these measuremer

Such a guantum computation is é ciently simulable on a classical compute

Proof: Follow the stabilizers.

Implementations

https://github.com/MarcoArmenta/info _guantique theorique



https://github.com/MarcoArmenta/info_quantique_theorique

